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FOREWORD BY THE PIMS DIRECT OR

TheannualPIMS Graduate Industrial Math Modelling Camp (GIMMC) is held in oneof thePIMS univer-
sities aspart of the PIMS IndustrialForum. It is part of PIMS’ commitmentto providing training for young
mathematicalscientistswho areeitherpursingcareersin academiaor in industry.

Thegoalof theGIMMC is to provideexperiencein theuseof mathematicalmodellingasa problemsolvingtool
for graduatestudentsin mathematics,appliedmathematics,statisticsandcomputerscience.In additionto this it
helpspreparethemfor the Industrial Problem Solving Workshop which is the othercomponentof the PIMS
IndustrialForum.

At theworkshopstudentswork togetherin teams,underthesupervisionof invited mentors.Eachmentorposes
a problemarisingfrom an industrialor engineeringapplicationandguideshis or her teamof graduatestudents
througha modellingphaseto a resolution.

The Sixth GIMMC washeld May 17–22,2003,at the Banff InternationalResearchStation(BIRS) in Alberta.
Thisyearit wasco-sponsoredby theInstitutefor Mathematicsandits Applications(IMA).

Thereweresix problemsposed,with atotalof 33studentsin attendance.Thestudentscamefrom all acrossNorth
Americawith 17 from theUnitedStates.

My sincereappreciationandgratitudegoesto all the peopleinvolved in this workshop,in particularI wish to
thanktheorganisers(RachelKuske,Fadil Santosa,JackMacki, ChrisBose,HuaxiongHuang,Ian Frigaard)and
mentors(Emily Stone,RichardBraun,SonjaGlavaski,David Misemer, Fadil Santosa,RobertPich́e).

I look forwardto the2004GIMMC which will beheldat theUniversityof Victoria.

Dr. NassifGhoussoub,Director
Pacific Institutefor theMathematicalSciences
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EDIT OR’S PREFACE

FromMay 17throughMay 22,2003,thirty-threegraduatestudentsandsix mentorsgatheredat theBanff Interna-
tional ResearchStation(BIRS) for thePIMS-IMA GraduateIndustrialMathematicalModelling Camp.Through
collaborationwith theInstitutefor Mathematicsandits Applications(IMA) in Minneapolis,this yearbroughta
higherproportionof studentsfrom US institutionstogetherwith their Canadiancounterparts.It wasexciting to
bein thenew facility in Banff andto bepartof thefirst GIMMC workshopco-sponsoredwith theIMA. Sincethe
spaceis limited at BIRS, thesizeof thecampwassmallerthanpreviousyears,andcompetitionfor participation
wastough. ThroughGIMMC andthe IndustrialProblemSolving Workshop,held the following weekat Uni-
versityof Calgaryandalsoco-sponsoredby theIMA, thegrouphadexcellentopportunitiesto learnaboutmath
modellingin industryon bothsidesof theborder.

Following the typical BIRS workshopschedule,theparticipantsarrivedon Saturdayandsettledin, with the
campofficially startingon Sundaymorning. Due to a power outageduring the first of the presentationsby the
mentors,theformatof thecampwasslightly alteredthis year. During thefirst morningof thecamp,thestudents
broke into their teamsandstartedgettingtheir feetwet with the problems.This did not have an impacton the
selectionof the teams,sincethe teamsweredecidedbeforethe campbegan. Whenthe mentorspresentedthe
problemsafterthepowerhadreturned,thegroupshadalreadystartedto getinto theirwork.

Again this yearwe hada stellargroupof mentors,demonstratingtheir excellencewell beyondtheactivities
of thecamp. They calmly improvisedwhennecessaryandgot their studentsrolling right away. It takesa con-
siderableamountof judgement,skill andeffort to comeup with goodproblemsfor thecampandleadthegroups
throughthemundera compressedschedule.From SundaythroughWednesdayevening(late night?), the indi-
vidual workshopgroupsmetundertheguidanceof thesementors.Typical activities duringthis periodincluded
short lectureson backgroundmaterialfrom the mentors,digging into backgroundliterature,pencil andpaper
calculations,andwork on thecomputers.By Thursdaymorningthegroupswerereadyto presenttheir findings.
They gave their formal write-upsshortlyaftertheworkshop,which appearmoreor lessasreceivedin therestof
this document.While this mayall soundfairly straightforward,in practiceit is anextremelyintenseweekfor all
concerned—students,mentorsandorganisers.Thebestway to appreciatethis is to look at a few of thechapters
which follow, keepingin mind thatthey representthework of perhaps5–6graduatestudentshaving variedmath-
ematicalbackgrounds,working in groupswith someguidancefrom theacademicmentorover a periodof three
andahalf days.

A workshopof this sizecanonly be successfulwith the effort andskill of numerouspersonalitiesboth on
stageandbehindthescenes.Firstly, let me thankthementors,without whomtheir would beno GIMMC. They
were:

� Emily Stone(UtahStateUniversity, PCRAnalysis)

� RichardBraun(Universityof Delaware,Drainingof Thin Films)

� SonjaGlavaski(Honeywell, Controlof Hybrid Systems)

� David Misemer(3M, PolymerPurification)

� Fadil Santosa(IMA/Uni versityof Minnesota,SolarCarRacing)

� RobertPich́e (TampereUniversityof Technology, Finland,MachineTool Measurements)

Someof thesenameswill be familiar to thosewho have beenfollowing pastPIMS industrialprogrammes
andindustrialproblemsolving workshopsin otherplaces,while somewerefirst timers. All of the mentorsdid
outstandingwork both leadingup to andduring the week;andwe cannot thankthemenoughfor their efforts.
Throughall their hardwork, we believe they enjoyed their mathematicallystimulatingweekwith the energetic
studentsteams.

Secondly, I’ d like to thankthe staff at BIRS, PIMS andthe IMA, who helpedin all of the organisationand
behindthesceneswork. At BIRS theStationManager, AndreaLundquist,andtheComputerSystemsAdminis-
trator, Brent Kearney, wereinvaluable.This wasthe first workshopof this type hostedat BIRS, andthey were
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alwayshelpful, going above andbeyond their usualdutiesto make surethe teamshadeverythingthey needed.
Administrativeandtechnicalmattersat PIMS were,asusual,expertly andcheerfullyhandledby DerekBideshi,
AndreaHook, HeatherJenkins,SandyRutherfordandKelly Choo. TheIMA staff providedexpertassistancein
gettingthosefrom USinstitutionsacrosstheborder, sothatthis collaborativeeffort appearedseamless.

Finally, I mustthankFadil Santosa(again);not only did he co-organisethe workshop,but alsovolunteered
asa mentor. Having organisedmany of thesetypesof workshopsat theIMA, hewasa greatsourceof ideasand
experience,from startto finish.

RachelKuske,Editor
Departmentof Mathematics
Universityof British Columbia
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Chapter 1

Identification of the Initial Concentration
of DNA in PolymeraseChain Reaction

Participants: Emily Stone(Mentor),KatharinaBaamann,YasongJin,SergueiLapin,Mingfei Li, RongsongLiu,
Anuj Mubayi.

PROBLEM STATEMENT: IdahoTechnologydevelops,manufactures,andsellsthefastest,highest-qualityma-
chinesfor DNA analysisincluding DNA amplification,real-timethermocycling andSNPdetection.DNA am-
plification is performedby PCR,a biochemicalreactionthat is acceleratedby rapidtemperaturecycling through
efficientheattransferby hotair to samplescontainedin microcapillarytubesor thin walledmicrocentrifugetubes.
Modelling of thereactionsof PCRwould helpIT optimizeit’s designsandpotentiallyleadto innovationin their
rapidPCRtechnology. Thegoalof thisprojectis to understandthereactionsandtheengineeringinvolvedin IT’s
family of devices,anddevelopmodelsof thebiochemicalreactionsin thedevicesthatcanbeparameterizedfrom
IT data.
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CHAPTER1. IDENTIFICATION OF THE INITIAL CONCENTRATION OF DNA IN PCR

1.1 Intr oduction

PolymeraseChainReaction(PCR)is a powerful techniquefor amplificationof a target sequenceof DNA. The
centralscientificfact which makesPCRso useful is that the geneticmaterialof eachliving organism,whether
plant,animal,bacteriumor virus,possessessequencesof its nucleotidebuilding blocks(usuallyDNA, sometimes
RNA) that areuniqueandspecificto itself. Indeed,complex organismssuchashumanbeingspossessunique
DNA sequencesthatdefineeachparticularindividual. Theseuniquevariationsmake it possibleto tracegenetic
materialbackto its origin andidentify with precisionwhatkind of organismit is. It oftencanbedeterminedif a
DNA sampleis a memberof a particularspecies.However, suchan investigationrequiresthatenoughDNA be
availablefor theanalysis,which is wherePCRcomesinto play. PCRalsohasapplicationsin pathogendetection
anddiseasediagnosis,bothof whichmayrequirethattheinitial amountof DNA presentin thesamplebeknown,
hencethe term “quantitative” PCR.IdahoTechnology, a company basedin Salt Lake City, Utah, manufactures
deviceswhich automatequantitativePCRto suchanextentthatnon-medicalpersonnelcanoperatethemin non-
laboratoryenvironments.

PCRrequiresa templatemolecule(the DNA sampleto be copied)and two primer moleculesto begin the
copying process.The primersareshortchainsof four differentbasepairs that canselecta given sequenceof
geneticmaterial. The four componentbasepairs are like bricks or building blocks that are usedto construct
geneticmolecules.

Thethreestepsof thePCRreactionare(Fig. 1.1):

1. Denaturation - theDNA is heatedto ������� to renderit single-stranded.

2. Annealing - thetwo primersbindto thetwo endsof theappropriatecomplementarystrand;thetemperature
for this stepdependson theof sizeof theprimerandits homologyto thetargetDNA.

3. Primer Extension - DNA polymeraseextendsthe primer by its polymeraseactivity. This is doneat a
temperatureoptimal for the particularpolymerasethat is used;currently the most popularenzymefor
this step is Taq Polymerase,the DNA polymerasefrom thermophilic (“heat-loving”) bacteriaThermus
aquaticus. Theextensionis performedat thehigh temperature������� , which permitsselective extensionof
thetargetsequence,sinceothersequenceswill not form on their own at suchahigh temperature.

Thesestepsare repeated30 to 45 times. The reactionproducescopiesof the DNA templateessentially
exponentially, andsinceeachcycle canrequireup to 5 minutes,a large quantityof DNA canbe producedfor
analysisin severalhours. IdahoTechnologyoffersdevicesthat cancompletethe amplificationin aslittle as30
minutes.

In theory, thequantityof DNA is increasingexponentiallyandonecanusetheso-called“f amous”equationto
describetheprocess: ������� � ���� (1.1)

where� � and � � aretheinitial andfinal concentrationof DNA, and! is thenumberof cycles.Unfortunately, the
aboveequationworksonly whenthePCRis performedunderidealconditions.In practice,thefinal concentration
of DNA variestypically afterperforming30 to 45 cycles,evenwhenthe initial concentrationsof severalDNAs
areidentical. Hence,the identificationof the initial concentrationof DNA is not straightforwardfrom the final
quantity.

Thegoalof our work is to introduceandtestmodelsbasedon differentialequationsthatallow usto identify
theinitial concentrationof DNA.

The paperis organizedasfollows: in section1.2 we introducedifferentialequationsthat describethe PCR
process.We will thenderive the logistic equationfrom these.Sections1.4 and 1.5 describesomeothermodels
which we studiedfor theidentificationof theinitial concentrationalongwith numericalresults.We thenpresent
in section1.6someideasfor futurework.

1.2 The ODE Model for PCR

As we describedin the previous section,a cycle of PCR consistsof threesteps. In the denaturingstep, the
two strandsof the DNA moleculein the solution are separatedinto single-strandedtemplatesby raising the
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Figure1.1: PCRprocesssteps

temperatureto �#" � � anddisruptingthe hydrogenbonds. In the annealingstep,the solutionis cooleddown to
approximately$#% � � to allow theprimers,which arepresentin high concentration,to hybridizewith the single
strandedDNA. The primersare20-30nucleotideschainmolecules.Oncethe primer-templateheteroduplex is
formed, it actsas the initiation complex for the DNA polymeraseto recognizeandbind the wantedsequence
of the DNA strand. This stepis crucial for the specificityof the amplification: only thosemoleculesthat have
sequencescomplementaryto the primerswill be amplified. The last stepis a polymerizationreactionin which
the solutionis heatedagainto �&% � � , which is the optimal temperaturefor DNA Taqpolymerase.This enzyme
catalysesthebindingof complementarynucleotidesto thetemplatein thedirectionthatgoesfrom theprimerto
theotherend.Notice that if this polymerizationproceededto its end,at theendof thethird stepwe would have
twice asmany DNA moleculesaswe hadat thebeginningof step1. Thesethreestepsconstituteonecycleof the
PCR.Thecyclesarerepeateda numberof times(30 to 45) by varying the temperaturein thesolutionin sucha
way thattheDNA moleculesthatweresynthesizedin a givencycle areusedastemplatesin thefollowing cycle.
Hencewegetanextremelyefficientamplificationmechanismfor DNA.

We will representthethreestepsof a typical cycleof PCRby reactionequations:
Step1:��" � � ')(+*, �.-
Step2:$�% � �

-0/21
(�3, - 4

Step3: �&% � �
- 4 /25

(.6, '
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where
D: doublestrandedDNA
S: singlestrandedDNA- 4 : primedsinglestrandedDNA
R: resources
P: primer8 � : efficiency of thefirst reaction8 � : efficiency of thesecondreaction8�9

: efficiency of thethird reaction.
Now we introducethe law of massaction,which is thefundamental“law” of a chemicalreactionandwhich

describestherateat which chemicals,whetherlargemacromoleculesor simpleions,collide andinteractto form
differentchemicalcombinations.Supposethat two chemicals,sayA andB, reactuponcollision with eachother
to form a productC, :

/�;
(, �=<

Therateof this reactionis the rateof accumulationof the product
>@? ACB>�D . This rateis the productof thenumber

of collisionsperunit time betweenthetwo reactants,andtheprobability thata collision is sufficiently energetic
to overcomethe free energy of activationof the reaction.Thenumberof collisionsperunit time is taken to be
proportionalto theproductof theconcentrationsof A andB with a factorof proportionalitythatdependson the
geometricalshapesof thereactantmoleculesandon thetemperatureof themixture. Combiningthesefactorswe
have

EGF �=HE&I � ��F
:
H F ;JHK< (1.2)

The identificationof theabove equationandthe reactionis calledthe law of massaction, andtheconstant
�

is
calledtherateconstantfor thereaction.

According to the law of massaction,we will now derive five ordinarydifferentialequationsbasedon the
abovePCRreactions.Herewe do not considerthereversereactions.

E&L
EMI �ON � �#P L (1.3)

E&Q
E&IR�SN � 9 Q P 4 (1.4)

E PEMI �TN � �#P L /U� � � E (1.5)

E P 4E&IV� � � P L N � 9 Q P 4 (1.6)

E�E
E&I �SN � � P � / � 9 Q P 4 (1.7)

whereL
=[P]: concentrationof theprimerin thesolutionQ
=[R]: concentrationof theresourcein thesolutionP =[S]: concentrationof singlestrandedDNA in thesolutionPXW =[ - W ]: concentrationof primedsinglestrandedDNA in thesolutionE
=[D]: concentrationof thedoublestrandedDNA in thesolution� � : rateconstantfor thefirst reaction� � : rateconstantfor thesecondreaction� 9
: rateconstantfor thethird reaction
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Thesedifferentialequationsfor
L
,
Q
, P , P W and

E
canbeapproximatedby maps,whichsimplify thecalculations.

For equation(1.3)weapproximate
E&L

with Y L � L ��Z � N L � . After multiplying theequationwith Y I , wegetthe
map:

L �@Z � � L � N � � Y I P&� L � (1.8)

By usingthesamemethod,we canderiveall themapsfor theproblem:

Q ��Z � � Q � N � 9 Y I P W � Q � (1.9)

P ��Z � � P �[N � �\Y I P � L �]/R� � � Y IME � (1.10)

P W ��Z � � P W � / � � Y I P&� L � N � 9 Y I P W � Q � (1.11)

E ��Z � � E �^N � � Y I P � � / � 9 Y I P W � Q � (1.12)

The experimentaldatathat we useis producedby usingfluorescentenzymesthat areconnectedto the am-
plified doublestrandedDNA. Therefore,the solutionfluorescesin proportionto quantityof the dDNA. Using
that information,we cangeneratean amplificationcurve for the DNA sample(Fig. 1.2), wherethe intensityof
fluorescenceis plottedversesthe cycle number. In a singlecycle of PCR,we usestandardsamplesthat have
known initial concentrationsof theDNA alongwith samplesthathaveunknown concentrations.

0 5 10 15 20 25 30 35 40 45
−2

0

2

4

6

8

10

Figure1.2: Amplificationcurve( x-axis: cyclenumber, y-axisfluorescencelevel).

In orderto get thewantedinitial value � � , we canusethe“f amous”model. For that,we needto determine
a reasonableThreshold_ of the fluorescencelevel. The bestThresholdis the inflection point of the sample
amplificationcurve, sincewe areinterestedmostin the exponentialgrowing partof the amplificationcurve. In
the amplificationgraph,we get thenthe relevantcycle valuesof the differentstandards,for which we have the
initial concentration� � . By plottingthesecyclevaluesversusthelogarithmof theinitial concentrationvalues,we
geta line (approximately),which is calledthestandard graph. � � of theunknown sampledatacanbecomputed
by gettingthecyclevalueat theinflectionpointof thesampledatain theamplificationcurveandthenreading� �
from thisvalueon thestandardgraph.Mentornote:Usingtheinflectionpointof each curvefor a thresholdis not
correct.Thethresholdusedin this calculationshouldbethesamefor all samplesin a givenrun.
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1.3 The Logistic Model

Thelogisticmodelcanbederivedform themapsin theprevioussection,alongwith someadditionalassumptions.
First, we assumethat all initial doublestrandsare split into two single strands. This meanswe do not need
equation(1.10),andequation(1.12)canbewritten:

E ��Z � � E � / � 9 Y I P W � Q � (1.13)
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Figure1.3: Logistic model(-)versusstandarddata(+)(left) andlogistic model(-)versussampledata(+)(right) of
dataset1 by usingleastsquaremethod(x-axis: cyclenumber, y-axis:fluorescencelevel).

Let’snow addequation(1.9) to equation(1.12):

E ��Z � / Q �@Z � � E �]/ Q ��< (1.14)

Thismeansthat
E � / Q � �Sa , where a is aconstant.Hence

Q � �TabN E � , andequation(1.12)becomes:

E ��Z � � E � / � 9 Y I P W �dc aeN E �df < (1.15)

If we alsoassumethatall singlestrandsP&� aretransformedinto primedsinglestrandsPXW � , we seethat PXW � �g� E � .
Thenequation(1.12)becomes: E ��Z � � E �^/ � 9 Y I � E � c ahN E � f < (1.16)

which hastheform of a logisticmap � ��Z � �i� � /2jk� � c ahNU� �Cf (1.17)

where j is growth rateand a is the carryingcapacity. This model is not realisticsincewe aremakingstrong
assumptions,but it is morerealisticthanthe“f amous”model,in that it yieldssaturationat largecopy numbers.
Thesaturationis dueto thelimited amountof resourcepresentin solution.

In orderto get the initial valueof the concentration,we mustfirst find the parametersjl� � 9 Y I and a of
this equation.We presenttwo waysto do this andcomparetheresults.Thefirst approachusesthe leastsquares
methodto fit thedatafrom thereactionto themodelequations.By using j[�m� � 9 Y I theequation(1.15)canbe
now writtenas: E �nj�abN2j E � � � E ��Z � N E � (1.18)

Thiscanalsobewritten in matrix form: :�o
�Sp& (1.19)
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where

:
�

E � N E � �
...

...E �rq � E � �sq �
,

o
� j �j , pt� E � N E �E � N E �rq � and! is thecyclenumber.

Accordingto theleastsquaresmethod,wecansolve for

o
in thefollowing manner:o

� c
:vuw:

f q �
:xu
p&< (1.20)

Fromhere,wedesignatethesequenceyXzG{}| �{�~ � to representthefluorescenceleveldatafrom thePCRreactions.
We designatethesequencey E {}| �{�~ � to betheapproximatedatafrom ourmodel.Thematrices

:
and p areformed

from the experimentaldata,and j and a are found from the leastsquaresfit. In order to find
E � , the initial

value,we minimize the function � c E ��f � c �{�~ �C� E {dN0zG{ � � f , with the found valuesof j and a . From the
standardgraphformedfrom thedatawith known initial concentrationswe cancompute� � , which is the initial
copy numberof DNA in our targetsample,for a given

E � . Tables1.1 and1.2 show the valuesof the constantsj , � , the initial value
E � andthe initial DNA concentration��� of differentdatasets.Thestandardshave known

initial value,while thesampleshaveunknown initial concentrationsof DNA.

Data set j � E � ���
standard1 %.< %��#$#� �.<��&"��&� %r< %���%n� ��%#�
standard2 %.< %������ �.< ���#��� %r< %#%#"�� ��%#�
standard3 %.< %�"#�#� ��< ��%#%�� %r< %#%��&� ��% 9
standard4 %.< %�%#�#��� $.< $n����� �@< "��������t�&% q � ��% �
standard5 %.< %�����" ".< ���#$�% �r< �#�#�����t�&% q � �&%
standard6 %.< ���#"#� ��< ��"#"�� �@<����#"����t�&% q � �
sample1 %.< %�"#�#� �.< %�"��&� %r< %#%��&� �r< �#%��&$��t�&% 9
sample2 %.< %�$#�#� $.< ��$���� �r< �#�#%�"��t�&% q � �&$r< �#���#$

Table1.1: Logisticmodel,dataset1.

Data j � � � � �
standard1 %.< "��#��� ��< �n���n� �.< ���#�n�w�t�&% q � ��%#�
standard4 %.< "����&� ��< ��"#��$ �r< $#�#"��t��% q � ��%#�
standard7 %.< "��#"�� ��< ��$��&% ".< ���#$����t�&% q � ��%#�
standard10 %.< �n��%�$ ��< "��#��� ��<��&"#%����t�&% q � ��%#�
standard13 %.< "��#��� ��< ���#��� ��< ��%��&���t�&% q � ��% 9
standard16 %.< "�$#��� ��< "�%#��$ ��<��&%��&���t�&% qG� ��% �

Table1.2: Logisticmodel,dataset2.

Thesecondapproachusesanon-linearoptimizationmethod.Weminimizetheerrorbetweentheexperimental
dataz andthemodeldata

E
in orderto get thebestconstants.With this methodit is alsopossibleto get j , � and

the initial concentration� � simultaneously. To this end,Matlab providesa function called fminsearch, which
minimizesa givenfunction thatdependson a finite numberof variables.After initializing

E � , we get all the
E {

(whichdependon j and
�
) by iterationover ! . Theerrorfunctionis:

� c j� �  E ��f �
�
{�~ � c z�{dN

E { c j� �  E ��fkf �

wherethe z�{ ’s arethenormedexperimentaldata-pointsandthe
E { areourgeneratedmodelvalues.If wenow use� andan initial guessof j and

�
for theMatlab function fminsearch, thenit will minimize theerror in orderto
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Figure1.4: Left: logistic model(-)versusstandarddata(+)of samplerun from dataset2 by usingleastsquares
method(x-axis: cycle number, y-axis: fluorescencelevel). Right: standardline mappinginitial fluorescenceto
initial copy number(x-axis: log of � � , y-axis: log of initial fluorescencelevel), usingknown standards.

Data j � � �
data1 sample1 %.< %�"#��� �.< ���#"n� %r< %#%��&�
data2 standard1 %.< ���#$�% ��< ��%#�n� %r< %#%#%n�
data2 standard4 %.< "�"��&$ ��< ��"#��$ %.< %�%#%�%��
data2 standard10 %.< �n����� ��< "��#��" �&% q �

Table1.3: Logisticmodel

get j and
�
. We’veperformedcalculationsfor severaldatasetsandplottedtheresultversustheexperimentaldata

(Fig. 1.3–1.4).Table1.3shows thegeneratedvaluesof j , � and� � by usingthedescribedoptimizationmethod.
It is alsopossibleto have fminsearch find theinitial value� � , aswell as j and

�
. Theresultsfor thisoptimiza-

tion areshown in Fig. 1.5.

1.3.1 Analysis of the Logistic Model

We canestimatetherangeof theparameterof thelogisticequationby doingsomeanalysison theequation:

E �@Z � � E �]/U�.j � �sE � c � N E �n� � f (1.21)

where
� � Q �]/ E � .

The two equilibria of this discreteequationare ���h% and ��� �
. We first considercase���b% . Let us

introduce �O�)�rj � � , thenonecanshow that the equilibrium �V�V% is asymptoticallystablefor Nx�i���T��% .
Since j �v� % and

� � % , therefore� hasto begreaterthan0. Hence,�i��% is unstable.
Now, theequilibrium �	� � is asymptoticallystablefor %��S���2� (i.e. for %��Oj � � ��� ). Sofor %]�Oj � � ���

every solutionwith initial conditioncloseto
�
, tendsto theequilibrium

�
as ! increases.If � � � , i.e. j � � � � ,

thenequilibrium ��� � is unstableandthereis no asymptoticallystableequilibriumto which thesolutiontends.
Note: If j � � � � , i.e. � � � thenperioddoublingoccurs. If �U�������.< "�"#� , thereis a solutionof period2 to
whicheverysolution� ��Z � �T  c � �df tends.If � �O¡ $ thesolutionof period2 is unstablebut it canbeshown that
asolutionof period4 appearsandit is asymptoticallystable¡ $��S���2�r< �#"�" . Thisperioddoublingphenomenon
continuesuntil �2���r< ���&% whenperiodicsolutionswhoseperiodsarenot powersof 2 beginsto appearbut these
solutionsareunstable.The numericalresults(i.e. the valuesof j � and

�
for differentsamplesandstandards)

verify thisanalysis.
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Figure1.5: Logistic modelversussampledataof dataset1 by usingoptimizationmethod(x-axis: cyclenumber,
y-axis: fluorescencelevel).

1.4 The Taq Model

This modelmodifiestheequations(1.9)–(1.12)by assumingthat theefficiency of the Taqenzymedecreasesas
the copy numberof DNA to replicatedgrows very large. Insteadof a growth rate j in the logistic equationwe
usea modifiedgrowth rate, j�  c E f , wherethe function   decreasesfrom 1 with increasing

E
. This resultsin the

following variationon thelogistic equation:

E ��Z � � E �^/2j�  c E � f E � c � N E � f <
Theexactform of   is notknown, sowe examinedtwo differentcases:

� Whenreactionstartsthe efficiency of reactionof Taq decreasevery sharplybecausethe concentrationof
Taqis decreasing.We usethefunction j �� Z > to describethisphenomenon,where j is aconstant.

� Whenreactionstartstheefficiency of reactionof Taqkeepssomekind of high rateor only decreaseslowly,

then after a while it decreasesharply. We use the function j ¢ £K¤�¥�¦�£K§�¢
6©¨ 3«ª�¬�­®K¯°¯ Z²±#³k��X´ � , where j is a constant

(Fig 1.6).

� Mentor’snote: thisoneappears to bemorephysical.

In order to get the parametersj and
�

and the initial copy number � � , we can usethe samemethodsas
describedin the previous section. We found the bestresultsusing the first function, and theseare presented
in figure 1.7 andtable1.4. The secondfunction,which shouldbe morerealistic,however wasnot designedto
decreasetheefficiency very significantly(thelowestvalueis 0.9795,very closeto thestartingvalueof 1). More
testswould have to bedonewith a betterrangeon thearctangentfunctionbeforeit canbecomparedto theother
function.

1.4.1 Analysis of the Taq Model

We analyzeheretheTaqmodel,put in a morestandardform with � replacing
E
:

�d��Z � �i�C�^/2j �
�=/l� � �d� c

� NU�C� f
.
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Figure1.6: Left: z0� �� Z²¶ . Right: z0� ¢ £K¤�¥�¦·£°§�¢ 6©¨ 3©ªX¸°­®K¯K¯ Z²±�³¹���´ �
Data j � � � � �

standard1 %.<��&�#"#� �.< ���#�n� ��< ���#���t��% q � ��%��
standard2 %.<��&�#�#��� �.< ���#�n� �@< $#%��&���&�º�t��% qG» ��%��
standard3 %.<��&$#"�� �.< �����&� �@< %#�#���#��"��+�t�&% qG� ��% 9
standard4 %.<��&����" ��< ���#��� �@<����#��$��t�&% q �¹� ��% �
sample1 %.<��&�#�#� �r< "#� ".< "¼�t��% q � � "r<��½�t�&% �

Table1.4: Taqmodel.

This map hastwo equilibria, namely �¾�¿% and �¾� �
. If Nx���Àj � �Á% then equilibrium �Â�Ã% is

asymptoticallystable,but this is not physicallypossiblesince j and
�

aregreaterthanzero. Hence���h% is
unstableequilibrium. If %0� Ä}Å� Z Å ��� then �Æ� � is asymptoticallystableandit will beunstablefor �U� Ä}Å� Z Å .
This meansthatevery solutionwith theinitial value� � closeenoughto

�
remainscloseto

�
andtendsto

�
as !

goesto infinity, provided %��Sjº� � ��� Z Å �Å .

1.5 A Mor eRealisticModel

In orderto investigatethedynamicsof thePCRprocess,weanalyzedmorecomplicatedmodels.In thenext model
weonly usedtheassumptionthatall theinitial doublestrandssplit into thesinglestrands,P�� �2� E � . Substituting
thatinto theequations(1.9)–(1.12),we getthefollowing four maps:

L � � L �sq � Ngj � � E �sq � L �sq �P W � � P W �sq � /2j � � E �sq � L �rq � Ngj ��P W �sq � Q �sq �Q � � Q �sq � N2j �#P W �sq � Q �sq �E � � E �sq � /2j ��P W �sq � Q �sq �  
(1.22)

Assumingnormalizedvariables,we usethefollowing initial valuesfor
L
, P W and

Q
:

L � ���@< %�Ç P W � �È%r< %���Ç Q � ���@< %r<
Now the solutionto (1.22)dependson the threeparametersj � , j � and

E � . As donebeforefor the logistic
model,we usean optimizationapproachto determinesimultaneouslyvaluesof j � , jX� andinitial concentration
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Figure1.7: Taqmodelversusstandarddata(left) andtaq modelversussampledataof dataset1(right) (x-axis:
cyclenumber, y-axis: fluorescencelevel).

E � . In orderto do that,we usetheexperimentaldataz andgeneratethefollowing discreteobjective function

� c j �  MjX�# E � f � �É� E c j �  MjX�# E � f NUz �É� �#< (1.23)

We thenfind min � in orderto minimizethedifferencebetweenthesequences
E { and z�{ , usingthesameMatlab

functionasin section1.3. Somevaluesof theseconstantsarepresentedin table1.5 andgraphsarepresentedin
Fig. 1.8.

Data j � jÊ� E �
data1 sample1 %r< �#�n��% �@< "��&�#� Nx%.< %�%����
data1 sample2 %r< "#���#� %r< ���&$#� Nx%.< %�%#%��
data2 standard1 %r< ���&��� �@< %����#� Nx%.< %�%#�#"
data2 standard8 %r< "#$��#� �@< "#�n��� Nx%.< %�%���%
data2 standard10 %r< "#"��#$ %r< �#�n��� Nx%.< %�%#$#�

Table1.5: Realisticmodel

Mentor’snote: obviouslythere is a problemsince
E � shouldnot benegative!

1.6 Futur e Work

Our mapmodelin thepreviouschaptersconsistsof thesystem
E W �TN � ��P � / � 9MË QP W �TN � �#P L /R� � � EË W � � �#P L N � 9MË QL W �ON � �#P LQ W �ON � 9 Q Ë

(1.24)

We can do somelocal qualitative analysisof equations(1.24) and estimatethe parameters.In particular,
we show below that the solutionsof the above systemwill be boundedfor a finite numberof cycles. From the
“f amous”model,thenumberof doublestrandedDNA atthe! -th cyclewill begivenas

E � �È� � E � (
E � is theinitial

concentrationof dsDNA). Hence,for theabovesystemat every cycle themaximumconcentrationof dsDNA we



12µ CHAPTER1. IDENTIFICATION OF THE INITIAL CONCENTRATION OF DNA IN PCR

0 5 10 15 20 25 30 35 40 45
−0.2

0

0.2

0.4

0.6

0.8

1

1.2

cycle number 

fluorescence
level 

model 

data 

amplificatiaon graph of realistic model vs. sample data of data set 1 

0 5 10 15 20 25 30 35 40
−0.2

0

0.2

0.4

0.6

0.8

1

1.2

cycle number 

fluorescence
level 

model 

data 

amplificatiaon graph of realistic model vs. sample data of data set 2 

Figure1.8: Left: realisticmodelversussampledataof dataset1. Right: realisticmodelversussampledataof
dataset2.

canhave is
E �0ÌÆ� � E � . For a particularsample,from thebeginningof theDNA amplificationprocesswe know,

for how many cycles(say!Í� ) we have,so
E �ÎÌ2� � E �ÏÌ2� � ¯ E � for all !�Ìi!Í� . Now in anidealcaseat everystep

onedsDNA is splitting into 2 ssDNA, thereforeP �lÌ�� � ¯ Z � E � for all !2Ì2!Í� andsimilarly
Ë ��Ì�� � ¯ Z � E � for all!TÌm!Í� , L �	ÌS� � ¯ Z ��E � for all !SÌT!Í� , and

Q �	ÌS� � ¯ Z �&E � for all !TÌT!Í� . Henceall thesolutionsof theabove
systemwill bebounded.

Theabovesystemcanbemademorerealisticby takingfollowing factorsinto consideration:

� Sincein thesereactionstemperatureis playingan importantrole we canintroducetemperaturedependent
rates.

� Thesereactionsarenot ideal,thereforewecanalsoconsiderthereverseprocessesin thefirst two reactions.

Thereareseveralpossiblefactorswhich canaffect reactionsandthusmodify our model:

� Denaturationefficiency will decreaseasthe concentrationof the DNA productincreases,becauseof the
increaseof themeltingpoint.

� Thermalinactivation of the DNA polymerasemay affect the amplificationof the sequence,especiallyif
they differ in length.

In conclusion,in this reportwe analyzeda setof dynamicmodelsfor theamplificationof DNA duringPCR,
andestimatedparametersby usingdatasetsfrom realPCRruns.Both linearandnonlinearleastsquaresmethods
wereusedin theparameterestimation,with varyingresults.Thereis muchroomfor futurework in bothreaction
modellingandparameterestimationfor this problem,which canultimately aid in processdesignfor the PCR
reaction.
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Chapter 2

Vertical Draining of Thin Films: Two
Fluids Case

Participants: Richard Braun (Mentor), Olivier Dubois, Marcio Gameiro, Andrew Taylor, Haris Widjaya,
KerianneYewchuk.

PROBLEM STATEMENT: The Dow Corning corporationusesinterferometryto measurethe decayof the
boundaryin a thin fluid, which determinesthe quality of the surfactantsthe company produces.A mathemat-
ical modelthat describesthe evolution of the thin film boundarywill make quality control moreefficient. The
Navier-Stokesequationsarea commonlyacceptedmathematicalmodel for fluid dynamics.Using information
aboutthemeasurementmethod,wecansimplify theNavier-Stokesequations.We canthenanalyzetheequations
usinganalyticalandnumericalmethodsto getadescriptionof thethin film boundarydecayrate.Thismethodhas
beenappliedto singlefluid thin film measurements.We wantto analyzethetwo fluid casein this report.
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2.1 Intr oduction

Thin films areaspecialcasein fluid dynamics.Therearetwo differentgenericgeometriesconsidered:

� Thin liquid film on a solidsubstrateand

� Freefilms whichareboundedby a liquid or gas.

Therearea variety of phenomenawe canobserve, suchasdrainage,detailsof rupture,or non-Newtonian
surfaceproperties[2].

Theseobserved phenomenacanhelp to characterizeanddescribephysicalprocessesthat occur in the real
world. Suchknowledgecanbeusedin thefollowing areas[3]:

� Surfacecoatingsin paint,varnish,protectivewax,andsilver layerson a CD, and

� Foamdevelopment.

Foam is a complex fluids systemthat, in general,is very difficult to model. However, regionswherethe
bubblesmeetarebasicallythin films drainingdownwards. (This is why soapbubblesdo not stayasbubbles.)
Understandingthedrainageof thin films is importantin foamfabrication,wherethepropertiesof foamproducts
aredeterminedby thedrainingrateof thethin films into theplateauborders.Knowledgeof theoptimaldraining
rateis importantfor producingfoamseconomically. During foamfabrication,surfactantsmaybeaddedto attain
an optimal draining rate. By using an interferometrymethod,researchersat Dow Corninghave beenable to
measuretherateat which a fluid drainswithin a film. This methodcanbeusedto performquality inspectionof
thesurfactantsthatareaddedinto thefoamproducts.However, thisprocedureis timeconsuming,whichmakesit
impracticalfor highvolumeindustrialapplication.A mathematicalmodelbasedonasinglefluid film thatobtains
an accuratemodel of the film boundarydecayover time is developedby Braunet al [2]. This is the second
geometrycasefor asinglefluid.

We areinterestedin modellingthesecondgeneralgeometryintroducedabove, wherea drainingthin film is
formedbetweentwo liquids. Thesamesimplificationmethodsfoundin [2] areusedto obtainsimplerequations
thatdescribetheboundaryof thetwo fluids. We applythemethodof characteristicsto obtainexactsolutionsfor
the inner boundaryandwe usedsimilarity solutionsto get an approximationfor the outerfilm boundary. Our
approximationfor theouterboundaryequationis verifiedagainstthenumericalresultsthatweobtained.

For themorecomplex casewhentheinterfacebetweentwo liquids is freeto move,weusesimilarity solutions
to approximatethepartialdifferentialequationgoverningthetwo boundaryconditions.We reporttheresultsof
ournumericalsolutionsin section2.3below.

2.2 OneFluid Case

In this sectionwe outlinetheonefluid case,which wasdonein [2]. This casecanbeidealizedby theschematic
representationshown in Figure2.1.

TheNavier-Stokesequationsareusedto modelthevelocity of thefluids insidethethin films. Usingthefact
that E' �mÐ 9ÏÑ � , (2.1)

we canmake anappropriatechangeof variablesandneglectsmall termsto getsimplifiedequationsfor thefluid
andtheboundary. Thefinal equationfor theboundaryis givenby

� D /2ÒdÓÔ��% , (2.2)

where

Ò��
� 9
� < (2.3)
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Figure2.1: Thin film for a singlefluid.

Thisequationcanthenbeanalyticallysolvedusingthemethodof characteristics,yieldingtheimplicit solution

� c©Õ  I f � � � c©Õ N c � c©Õ  I f¹f � I f , (2.4)

where
� � c©Õ f � � c©Õ  k% f is theinitial condition.In particular, if we take

� � c©Õ f � P Õ , wegettheexplicit solution

� c©Õ  I f � NÔ�x/ ¡ �x/R" P � I Õ� P I  (2.5)

which behavesasymptoticallyas ¡ Õ I q � ³¹� . Fromherewe canseethat, in agreementwith experiments,thefilm
thicknessdecaysas

I q � ³¹� for fixed Õ .
2.3 Two Fluid Case

After usingthesinglefilm caseasastartingpoint,wenow analyzeamorecomplicatedsituationwith two different
fluids. Themodelfor thisproblemis outlinedin Figure2.2.

We have two regionsin the film containingdifferentfluids. We will refer to the inner andouterregionsas
fluids 1 and2, respectively. From experimentalevidence,we assumesymmetryin the � directionandthat the
problemcanbeadequatelyrepresentedby two dimensions.Thevelocityof thefluids will bewrittenas

Ö× � { � c �Ø Õ  I f � c × � { �  }Ù � { � f  (2.6)

where
Ë �b� or � dependingon thefluid in question.The functionsdescribingthe freeboundariesaregivenby�i� �.� { � c©Õ  I f . Thegoverningequationsfor incompressiblefluid flow arethewell-knownNavier-Stokesequations

(see[1])

Ú � { � Ö× � { �D / Ö× � { �ØÛ�Ü Ö× � { � �SN Ü L � { � /lÝ � { �&Ü � Ö× � { � / Ú � { � ÖÞ  (2.7)ÜSÛ Ö× � { � ��%r (2.8)

whereÚ � { � is thedensityand Ý � { � is theviscosityof fluid
Ë
. Thefirst setof equationscomesfrom conservationof

momentum,while thedivergence-freeconditioncomesfrom conservationof mass.Theequationsarenon-linear
andthushardto solve in general.In addition,weneedto find thelocationof theboundaryaspartof thesolution,
which only increasesthedifficulty of theproblem.
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Figure2.2: Thin film with two fluids.

2.3.1 Boundary Conditions

First,at thetop of thefilm, whereit is attachedto themetalframe,we useno-slipboundaryconditions
Ö× � { � ��% .

At thesymmetryline (�	�2% ), thefluid velocityshouldbeparallelto theboundaryandtheverticalvelocityshould
beanevenfunction,leadingto theboundaryconditions

× ���
� �2%r ßÙ �
���¶ �2%r< (2.9)

At theouterfreeboundary�	� �.� � � , wechoosetheconditions

� Ö! � � � Û�àOÛ Ö! � � � �Tá ��â � � � (jump in normalstress),

� Öã Û Ö× � � � ��% (tangentialimmobility),

� � � � �D / � � � �Ó Ù � � � � × � � � (kinematiccondition).

In thefirst condition,
à

is thestresstensor,
Ö! is thenormalvectorto theboundary, á � is thesurfacetension

at thefluid-air interfaceand â � � � is thecurvatureof theboundary
�.� � � . As such,this conditionindicatesthat the

jumpin normalstressonthefreesurfaceis proportionalto its curvature.In thesecondcondition,weareassuming
thattheboundary

�.� � � cannotmovealongitself. Physically, thisrepresentsa limiting casewhena lot of surfactant
is put on thesurfaceof the fluid, which canbe thoughtof asa “dirty” surface.Finally, thekinematicboundary
conditionrelatesthevelocityof thefluid with themovementof theboundary.

Now, for theinnerfreeboundary�i� �.���
� betweenthetwo fluids, theconditionsaresimilar

� Ö! ���
� Û�àOÛ Ö! ���
� �Tá � â �
��� (jump in normalstress),

� � ���
�D / � ���
�Ó Ù ���
� � × ����� (kinematiccondition),
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� Ö× ���
� � Ö× � � � at �i� �.�
��� (continuous
Ö× ).

Thefirst two conditionsareanalogousto theonesat theouterboundary. Thethird onerequiresthevelocity
to be continuousacross

�.���
�
, sincethe velocity of the fluids on both sidesof the boundaryis dictatedby the

movementof
�.�
���

. However, theproblemis notyetcompletelyposedbecauseoneboundaryconditionremainsto
beimposedat theinnerinterface.We considertwo relevantchoices:

CaseI:
�.���
�

is tangentiallyimmobile,

CaseII:
�������

is tangentiallymobile.

2.3.2 CaseI: Tangential Immobility on ä+å°æ�ç
In this case,we imposetheboundarycondition

Öã Û Ö× ����� at �	� � ���
� < (2.10)

This meansthat the interfaceis not allowed to move alongitself. This conditionwasimposedpreviously at
theouterboundary

�.� � � andrepresentsa limiting casewhentheinterfaceis packedwith surfactant.
The problemis now completelyposed,asa sufficient numberof boundaryconditionshave beenspecified.

However, the resultingequationsarenon-linearandvery complex, so we do not hopeto find an exact solution
analytically. Instead,we exploit thedifferencein scalingbetweentheheightof thefilm ( è 1 cm) andits width
( è 10 Ý m) to obtainsimplerequationsthatwecansolve.

We considerthecaseof thethin film E' �mÐ 9ÏÑ �� (2.11)

where
E

and

'
arecharacteristiclengthscalesfor � and Õ , respectively. Scalesfor the othervariablesin the

problemareasfollows:

� , Ð 9
'
� × , Ð 9�é × I ,ëêì I

Õ ,
'
Õ Ù , é Ù L , ìê�í}î Ý L

� , Ð 9
' �

(2.12)

Here
é ��ïXð >

3
ñ is thecharacteristicvelocityscalein whichgravitationalandviscousforcesbalance.Assum-

ing that Ð is a very smallparameter, andwriting thesolutionasa perturbationseriesin Ð 9 , thenwe canfind very

simpleequationsfor the leadingordertermsby basicallysetting ÐU��% . Setting Ý�òÉ� ñ ¢ * ­ñ ¢ 3°­ and Ú òÉ�óï ¢
* ­
ï ¢
3°­

, the
Navier-Stokesequationsreduceto

L ���
�¶ �È%r ôÙ �
���¶�¶ N L ���
�Ó /g���2%r L � � �¶ �È%r ôÙ � � �¶�¶ N L � � �Ó / ñ ï ��%.<
(2.13)

Thedivergence-freeconditionstaysthesameat leadingorder

× � { �¶ /lÙ � { �Ó �2%r< (2.14)

Someof theboundaryconditionsarenot affected,namely

Ù ���
�¶ ��% at �i��%r Ù ���
� �iÙ � � � at �i� �.���
� < (2.15)

Thetangentialimmobility conditionstranslateto

Ù � { � �È% at �	� � � { �  Ë �O�@ k�.< (2.16)
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Finally, theleadingordertermsin thenormalstressconditionsgive

Ld� � � �	Ý Ld�
��� at �i� �.���
�  Ld� � � �È% at �i� �.� � � < (2.17)

Thesenew equationsandboundaryconditionsform a mucheasierproblemthat canbe solved exactly for
thepressures(equalto % everywhere)andvelocities(quadraticpolynomialsin � ) in thefluids. Hence,usingthe
kinematicconditions,the problemreducesto equationsfor the free boundaries

�.� { � only. We thenobtain the
non-linearsystemof hyperbolicpartialdifferentialequations

� ���
�D / F Ò ���
� H�Ó[�È%r (2.18)� � � �D / F Ò � � � H�Ó[�È%r (2.19)

wheretheflux functions Ò � { � aregivenby

Ò ���
� � � Å ¢
* ­ � 69

Ò � � � � �9 c �.���
� f 9 N ñ� ï
� Å ¢
3°­ � 6 q � Å ¢

* ­ � 69 N c ������� / �.� � � f c � Å ¢
3K­ � 3 q � Å ¢

* ­ � 3� f / �.�
�����.� � � c �.� � � N �.���
� f (2.20)

It is worthwhileto pointoutafew propertiesof theflux functionsat thisstage.Wehaveanon-linearsystemof
equationsfor the

�.� { � swhereall termsin theflux functionarecubic.Moreover, theequationfor
�.���
�

is completely
independentof

�.� � � andthuscanbesolvedfirst to uncouplethesystem.It is very similar to Burger’s equation;
we canusethemethodof characteristicto obtainanexactsolutionfor (2.18)

� ����� c}Õ  I f � � �
���� c}Õ N c � ���
� c©Õ  I f¹f � I f  (2.21)

where
� ���
�� c©Õ f is theinitial shapefor

�.�
���
. Recallthatwearrivedat thesameequationin theonefluid case.Using

a straightline asthe initial shape(
� �
���� � P Õ ), thebehaviour of thesolutionfor largetime is givenby thepower

law

� �
��� c}Õ  I f è ¡ Õ I q
*3 < (2.22)

2.3.3 Numerical Resultsfor CaseI

We computea numericalsolution to the systemof equations(2.18), (2.19) by meansof the methodof lines.
Usingabackwardfinite differencediscretizationfor thederivativeof Ò � { � , wegetasystemof ordinarydifferential
equations

õ � � { �öõ I �ON Ò
� { �ö NgÒ � { �ö q �
Y Õ < (2.23)

Theinitial conditionsfor this systemaregivenby thediscretizationof theinitial shape
� � { �� . We alsoassume

thatbothfreeboundariesstayattachedto themetalframeat Õ �È% , giving theboundaryconditions

� � { � c %. I f �È%.< (2.24)

Then,we usedMatlabbuilt-in ODE stiff solverode15s to obtaina numericalsolution. Fromtheseresults,
wegeneratedplotsof theevolutionof thefreeboundarieswith time. A specificcasewherethefluid is thesameon
bothsidesof theinnerboundaryis shown below in Figure2.3.By fixing Õ andlookingat theresultinghorizontal
slice for varyingtime, we observe a decayrateof approximatelyN �� for both the innerandouterboundaries,as
illustratedin Figure2.4. Theslopein thatfigure is a finite differenceapproximationto theslopeof thethinning
curveat fixed Õ nearthebottomof thefilm andneartheendof theevolution.
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Figure2.3: Freeboundaryevolution throughtime for Ý2�S�� Ú �O� .
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fluid combinations Ý Ú � ÷
Polyurethane
SiliconeOil 0.0912 1.333 -0.49412 -0.40311

Water
Polyurethane 0.83333 0.0125 -0.49429 -0.49401

SameFluid
SameFluid 1 1 -0.49412 -0.47812

Mercury
Water 1361.4 13.546 -0.49402 -0.4942

Mercury
Paraffin 0.8168 16.9325 -0.49412 -0.38408

Table2.1: Thinning ratesof films. Boundary
�.���
�

decaysas
IÊø

, and
�.� � � as

IÊù
, for fixed Õ . Initial conditions:� ���
�� c©Õ f �È%.< ��� Õ , and

� � � �� c©Õ f ��%.< ��� Õ .
We investigateddecayratesfor differentfluid combinationsandsummarizedthe resultsin Table2.1. The

resultsfor all fivecaseswerecomputedafter5000time units.We find thatthethinningrateis approximatelyN ��
for everycaseexceptfor thefirst andfifth ones.However, by letting thesimulationrun longer, weexpectthatthe
decayrateshouldapproachN �� . By increasingthetime unitsto 20000for thefirst case,we foundthatthedecay
ratefor

�.� � � was-0.4622.Fromthis result,we areconfidentthat,in all cases,thethinningrateshouldeventually
approachN �� .
2.3.4 Similarity Solutionsfor CaseI

Thenumericalresultsshoweda decayrateof approximatively N �� for largetime. Basedon this observation,we
now look for similarity solutionsfor (2.18)and(2.19)of theform

� ���
� c©Õ  I f �T  ����� c}Õ f I q
*3  (2.25)� � � � c©Õ  I f �T  � � � c}Õ f I q
*3 < (2.26)

In addition,from theexactsolutionfor
�.���
�

obtainedby themethodof characteristics,wehave

� ����� è ¡ Õ I q
*3

for
I=ú �@< (2.27)

Thuswe makeaneducatedguessfor thefunctions   � { � :
  ����� c}Õ f � ¡ Õ  ë  � � � c©Õ f �T� ¡ Õ < (2.28)

Substitutingtheseinto theequationsandsolvingfor theconstant� , we obtainthevalue

�V���=/U� Ú
Ý < (2.29)

Thisagreeswith ournumericalresults,exceptin thefirst andfifth fluid combinations,wherethefactthatC is
largecouldexplain theslow convergenceof

�.� � � .
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2.3.5 CaseII: Mobile Boundary at û�üýä å
æ�ç
In this secondcase,we replacethe tangentialimmobility condition at the inner boundaryby a condition that
allows

�.���
�
to movealongitself. A comparisonwith caseI is madebelow

CaseI CaseII

Öã Û Ö× �2% Öã Û�àOÛ Ö! �2%
Ù ���
� ��% ÝdÙ ���
�¶ �iÙ � � �¶

(2.30)

In caseI, afterchangingthevariablesto dimensionlessequivalents,andkeepingonly theleadingorderterms
for Ð 9 Ñ � , thetangentialimmobility conditionreducesto Ù ���
� �2% at �È� �.���
� . However, in caseII, thecondition
we obtainat leadingorderfrom the tangentialstressconditionis a weightedmatchingof the � derivative of the
verticalvelocities(ÝdÙ �
���¶ �iÙ � � �¶ ). Theotherequationsandboundaryconditionsin thesimplifiedproblemarethe
sameasin caseI. Again,we cansolve for thepressuresandvelocity componentsto obtaindifferentialequations
for thefreeboundariesonly, usingthekinematiccondition

� � { �D / Ò � { � Ó ��% for i = 1,2 (2.31)

to get

Ò �
��� �
�.�
���
$ Ú
F c � Ú /R�@ÝUNR$�Ý Ú f c � ���
� f � /U��Ý c � � � � f � /R$@Ý c Ú NÆ� f � ���
� � � � � HK (2.32)

Ò � � � � �
$ Ú
F c � Ú /lÝRN��@Ý Ú f c � ���
� f 9 /R�@Ý c Ú N�� f � �
��� c � � � � f � /R�@Ý c � � � � f 9 HK< (2.33)

Notethatall thetermsarestill cubicin theexpressionsfor theflux functionsandthattheequationfor
�.���
�

is
now dependenton

��� � � .
2.3.6 Numerical Resultsfor CaseII

Usingthemethodof linesintroducedin caseI, wecanobtainnumericalsimulationsof thefreeboundariesmoving
in time. Like in caseI, we lookedat thefreeboundaryevolutionof caseII throughtime,asseenin Figure2.5. A
representativesituationwasthatof mercuryastheinnerfluid andwaterastheouterone.For thischoiceof fluids,
weseein Figure2.6thatthedecayrateof theinnerfluid is fasterthantheouteroneandthatthedecayrateof the
outerfluid approachesN �� .
2.3.7 Similarity Resultsfor CaseII

Weonceagainanalyzedthedecayrateof differentcombinationsof fluidsandlistedtheresultsin Table2.2. In all
five cases,we observe that the innerfluid thinsat a fasterratethantheouterfluid. As we saw in caseI, thereis
morevariationin thevaluesat �È� �.� � � ; however, it is worthnotingthatthereis evenmoredeviationin thevalues
for thiscasethanin caseI.

Fromour experiencewith caseI, wecantry to find similarity solutionsof theform

� ����� c}Õ  I f �T  �
��� c©Õ f I ø  (2.34)� � � � c}Õ  I f �T  � � � c©Õ f I ù  (2.35)

wherethevaluesof � and ÷ give thedecayratesof thefreeboundariesfor largetime. It is not obviousfrom the
tableof decayrates,obtainedfrom the numericalexperiments,which values � and ÷ shouldtake. Substituting
the similarity form for

� � { � into the differentialequations,andmatchingthe most importantterms,we get two
differentsituations.
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fluid combinations Ý Ú � ÷
Polyurethane
SiliconeOil 0.0912 1.333 -0.65224 -0.4516

Water
Polyurethane 0.83333 0.0125 -0.66183 -0.5439

SameFluid
SameFluid 1 1 -0.65552 -0.49573

Mercury
Water 1361.4 13.546 -0.64431 -0.44178

Mercury
Paraffin 0.8168 16.9325 -0.62798 -0.41261

Table2.2: Thinning ratesof films. Boundary
�.���
�

decaysas
IÊø

, and
�.� � � as

IÊù
, for fixed Õ . Initial conditions:� ���
�� c©Õ f �È%.< ��� Õ , and

� � � �� c©Õ f ��%.< ��� Õ .
� Assumingtheinnerboundarydecaysfasterthantheouterboundary, �U�2÷ , thenby matchingtheexponents

of
I

of theleadingorderterms,we obtaintheconditions÷T��N �� and �iÌVN �� . Hence,from this analysis,
weareunableto find thespecificvaluefor � andcanonly concludethatit hasto besmallerthan N �� .

� If theinnerboundarydecaysslower thantheouterboundary, ��þg÷ , thenby matchingtheexponentsof
I
,

we getthevalues�g�g÷S�VN �� . This resultindicatesthat theouterboundarycannotdecayfasterthanthe
innerboundary, whichmakessensesinceotherwisethetwo curveswouldeventuallyintersect.

2.4 Conclusions

For caseI we obtainedan exact analyticalsolution for the boundary
�.���
�

andan approximatesolution for the
boundary

� � � � . Using our numericalresults,we verified the thinning rateof fluids with the differentphysical
properties,asshown in Figure2.1.

We ranthenumericalsolver for caseII andtheresultsagreedwith our predictedthinningratefor
�.� � � . How-

ever, dueto time constraints,we did not find any explicit decayratefor the boundary
�.���
�

. Although the
�.���
�

boundarydecayratewashardto solve analytically, we wereableto postulatea predictedvaluerelative to
�.� � �

andconfirmedit with our numericalresults.

2.5 Futur e Work

Our draining thin film modelsimplifies the physicaldynamics,aswe did not take into accountthe effectsof
surfacetension.It would beinterestingto checkwhetherthis simplificationplacedany restrictionsonour model.
It would alsobeinterestingto compareourmodelwith realworld experimentalresults.
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Chapter 3

Stability of Hybrid Systemsusinga Sum
of SquaresProgramming Approach:
VCCR SystemExample

Participants: Sonja Glavaski (Mentor), Mark Braverman, ShengyuanChen, Nadine Gärtner, Yujun Wu,
CharlesBergeron.

PROBLEM STATEMENT: Theobjective of this projectis to useSOSTOOLS to find a Lyapunov functionand
henceprove thestability of a system.Thefirst partof this paperdemonstratesthefunctioningof SOSTOOLS by
meansof anexample.In thesecondpartwe proposea modelfor carbondioxideremoval (VCCR) in thecabinof
a spacestation.We thenproposea controllerfor theVCCR systemandprove its stability.
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CHAPTER3. STABILITY OFHYBRID SYSTEMS:VCCR SYSTEMEXAMPLE

3.1 Intr oduction to Hybrid Systems

Hybrid systemscanbeusedto describevarioushumancontrolleddynamicprocesses.A hybrid systemis char-
acterizedby having a finite numberof modes. For eachmodetherearerulesgoverningthecontinuousevolution
of thestateof thesystem.Furthermorethereis somecontrolstructuredeterminingwhento switchbetweenthe
individualmodes.Wewill illustratetheconceptwith someexamplesbeforegiving aformaldefinitionof ahybrid
system.

3.1.1 Examples
� Onesimpleexampleof ahybridsystemis anair conditioningsystem.Thetwo modesof theair conditioning

systemcorrespondto thefanbeingon or off. Thestateof thesystemis theroomtemperature.A switching
conditionis reachingacertaintemperature.

� In theautomatictransmissionin a car, themodescorrespondto thegears.Thestateof thesystemandthe
switchingconditionsareexpressedin termsof thenumberof revolutionsin themotor.

� VCCR, a CO� removal systemin aspacestation,is amorecomplex hybridsystemwhichwe will discussin
section�r< � .

3.1.2 Definition

A hybrid systemis a dynamicsystemover ÿ � , with a discretesetof modesy��� k�. M<M<\<� Ma	| . At time
I
, let the

systembe in state�O��� c I f�� ÿ � , andin mode
Ë ��� c I f�� y��� k�. M<M<\<� Ma	| . In eachmode,the systemevolves

accordingto theequation ��i�m �{ c � f  
where  \{ is agivenfunctionfor each

Ë � y��@ k�. M<\<M<� Ma	| .
For eachpair of modes c Ë  �� f�� y��� k�. M<M<\<� Ma	| � , thereis a switching surface -.{ ö . The switching surface -.{ ö
determinesthestateswherethesystemflips from mode

Ë
to mode� . Formally theeffect of a switchingsurface

canbeexpressedas � c I f ��� if � c I q f � Ë and � c I f	� -.{ ö <
3.2 Lyapunov Stability

3.2.1 The Lyapunov Theorem for Plain Dynamic Systems

Supposewearegivenadynamicsystem
��i�T  c � f . A point � � is anequilibriumpointof thesystemif   c � �Gf �2% .

An equilibrium point � � is calledasymptoticallystableif the systemwill return to � � whenslightly removed
from there. An equilibrium point � � is calledstableif the systemwill returnto a boundedareacontaining� �
afterbeingslightly removedfrom � � . Givenanequilibriumpoint,weareinterestedin determiningwhetherit is a
stableequilibriumor not. Oneof themaintoolsfor proving stability of a systemis theLyapunov theoremwhich
is statedbelow.

Theorem:
Let

��È�T  c � f  ²� � 5 � bea system.Suppose  c % f �2% , i.e. % is anequilibriumpoint. If for someopenregion

'
with % �

'�

5 � thereis acontinuouslydifferentiablefunction �)ò

' , ÿ Z , suchthat

(a)� c % f ��% ,
(b) � c � f � % for � �

'�

y&%�| ,

then

if

�
� c � f Ì2% for � �

'
, thesystemis stableat theorigin.
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If

�
� c � f �g% for � �

'
, thesystemis asymptoticallystableat theorigin.

In this case,� is calledaLyapunov function.

In short,the theoremsaysthat if we canfind a Lyapunov function for a system,we know the systemis stable.
Intuitively, a Lyapunov function can be thoughtof as the energy of the system,which can decrease,but not
increase.

3.2.2 A Lyapunov-lik eTheorem for Hybrid Systems

In orderto apply theLyapunov theoremto a hybrid systemsomeextra precautionshave to betaken. In contrast
to a ‘plain’ dynamicsystem,in a hybrid systemthereareseveralpossiblemodesof thesystem.Furthermore,in
a hybrid systemtherecanbe statesof the systemsthatdo not correspondto a uniquemode. Becauseof this, a
‘Lyapunov like’ functionfor ahybridsystemnotonly dependsonthestate� of thesystem,but alsoon its mode

Ë
.

We thereforeneedto introducefunctions ��{ c � f for theindividualmodesof thesystem.Expressingthemode
Ë

of
thesystemasa function � of thetime wecanformally combinethefunctions ��{ into anoverall function � :

� c I f ����� � D � c � c I f¹f
Of courseweneedto ensurethefunction � satisfiescertainconditionsbeforewecanclaimthatsucha � cantake
therole of a Lyapunov function.

Givena hybridsystemwith modes
Ë �O�� k�. M<M<\<� Ma , for each

Ë
wedefinea region

o
{ , suchthat

� c I f	�
o
{© whenever

Ë ��� c I f <

Wearenow readyto formulateaLyapunov likeTheoremfor hybridsystems.This is not themostgeneralversion
of sucha theorem,but it is strongenoughfor our purposes.See[3] and[5] for moredetails.

Theorem:
Supposewe are given a hybrid systemwith an equilibrium point at the origin (i.e.   { c % f �¾% for each

Ë ��@ ¹�r \<M<M<M Ma ).
If for someopenregion

'
with % �

'�

ÿ � , therearecontinuouslydifferentiablefunctions � { ò

' , ÿ Z  Ë ��@ ¹�r \<M<M<M Ma , suchthat

(a)��{ c % f �2% for each
Ë
,

(b) ��{ c � f � % for � �
o
{��
'�


y&%.| for each
Ë
,

(c)

�
� { ��% on

o
{ �
'

for each
Ë
,

(d) For each
Ë  �� � y��@ k�. M<\<M<� Ma	| , � { c � f þ�� ö c � f for � � - { ö ,

thenthesystemis asymptoticallystableat theorigin.

Note that the first conditionsensurethat the functions � { behave like Lyapunov functionson their associated
regions

o
{ . Thelastconditionensuresthatthecombinedfunction � doesnot increaseduringmodeswitchings.

3.2.3 An Example

Considera hybrid system
��T��  c � f with two modes.Let themodedependentevolution subsystems  � c � f and  � c � f begivenasfollows:

  � c � f � N½� � NÔ��%#%�� ��&%@� � N½� �
  � c � f � � � /¼��%�� �NÔ�&%#%�� � /w� � <
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Let theinitial modeof thesystembe � c % f ��� . Let theswitchingsbetweenmodes1 and2 bedeterminedby the
following switchingrules:

� c I f � � if
Ë c I q f ��� , �@� � c I f N0�n� c I f þ2%� if
Ë c I q f �O� , N L � � c I f NU��� c I f þ2%r<

We wantto investigatefor which parametervalues
L � % thesystemis stable.Figure3.1 illustratestheevolution

of thesystemfor valuesof
L

thatmakethesystemunstableor stable,respectively.
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Figure3.1: Valuesof
L

thatmake thesystemunstable(top)andstable(bottom).
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Figure3.2: Evolutionof thesubsystems.

A formalanalysisof thesystemrevealsthatthereis acritical valueof
L

thatseparatesstablesystemsfrom unstable
ones.We will not go into detailsof how to find thiscritical valueanalyticallysincethis projectis concernedwith
investigatingtheperformanceof SOSTOOLS on thestability problem.

For themomentwe will ignoretheswitchingrulesin orderto observe thebehaviour of thesubsystemsunderthe
assumptionit remainsin thesamemodeforever. We noticethat in mode1 the subsystemis stableandevolves
counterclockwisewhereasin mode2 it evolvesclockwiseandis unstable(seefigure3.2).

Taking the switchingconditionsback into considerationwe make somefurther observations: After startingin
mode � andhencemoving counterclockwise,thesystemstaysin mode � until it hits thepositive ray of the line���]��N L � � . Thenit switchesto mode� , andstartsmoving clockwise.It staysin mode� until it hits thepositive
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ray of the line � � ���@� � . This processcontinues,which meansthataftera certaintime the stateof thesystem
alwayslieswithin thecone � determinedby thesetwo rays.(seefigure3.1).

We seethat the regularLyapunov theoremis not applicablein proving stability here,becausetheexistenceof a
singleLyapunov function for bothmodessimultaneouslywould in particularimply stability of system� , which
we have identifiedto beunstable.Hencewe invokethemodifiedLyapunov theoremfrom above.
In ourparticularexample,theconditionsof theLyapunov like theoremare:

(a) � � c % f ����� c % f �È%
(b) � � c � f is decreasingwherevermode1 occurs.Denoteby

o � theseton which mode1 occurs.So:�
� � c � f �g% for � �

o � . In our case

o � �S� .

(c)

�
� � ��% for � �

o
� . Here

o
� �S� .

(d) For � � - � � , � � c � f � ��� c � f .
(e) For � � -s� � , ��� c � f � � � c � f .

3.2.4 UsingSOSTOOLS

Amongotherthings,the SOSTOOLS softwarepackage[7] canbeusedto searchfor Lyapunov functions.As the
namesuggests,SOSTOOLS dealswith sumsof squares(of monomials).A sumof squaresis alwaysnon-negative
andhencea potentialLyapunov function. So using SOSTOOLS for finding Lyapunov functionscorrespondsto
decreasingthesearchspacefrom thespaceof non-negativefunctionsto thespaceof sumsof squares.Sorestrict-
ing thesearchspacegreatlyreducescomputationtimes— howeverat thecostof possiblymissingout on finding
Lyapunov functions.

In orderto usetheSOSTOOLS softwareon theexamplestatedin thesectionabove,weneedto adjustits formula-
tion. To thisendwemakethesomewhatrestrictiveassumptionthat � � and ��� arepolynomialswhich thenallows
usto rewrite theproblemin termsof polynomialinequalities.

As wehaveseenabovethestateof thesystemwill eventuallylie within thecone� . Wecanrepresent� paramet-
rically as �V�Sy#� � c �� k� f /0÷ � c NÔ�@ L f ò��Ø ©÷ � ÿº|�<
Usingthis parametricalrepresentationandrewriting theconditions(a)–(e)from aboveyields:

(a) � � c � f � % ,
(b) ��� c � f � % ,
(c) N

�
� � c � � c �@ k� f /l÷ � c NÔ�� L fkf � % ,

(d) N
�
� � c � � c �@ k� f /l÷ � c NÔ�� L fkf � % ,

(e) � � c � � c �@ k� fkf N�� � c � � c �@ ¹� f¹f � % ,
(f) � � c � � c NÔ�@ L fkf N�� � c � � c NÔ�@ L f¹f � % .

We can now use SOSTOOLS to test for which valuesof
L

it can find Lyapunov like functions � �  �� � for our
example.SOSTOOLS allows usto specifythemaximaldegreeof thepolynomialsusedin thesearch.Of course,
for any particular

L
the higherdegreeof polynomialswe chose,the morecandidatesfor Lyuapunov functions

thereare.We experimentwith polynomialsof degreesrangingfrom � to $ . Fromtheanalyticalanalysisweknow
thatfor any

L
below �.<��&$ thesystemis unstableandfor any

L
above �.<��&$ thesystemis stable.Using SOSTOOLS

with polynomialsof degree� thelowest
L

for which we canfind a Lyapunov functionis �r< � . Usingpolynomials
of degree4 we find Lyapunov functionsfor

L
down to �r< � . With polynomialsof degree$ we getevencloserto

thecritical value,namelydown to �.< ��� .
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3.3 Modelling the CO� Removal Systemin a SpaceStation

3.3.1 Intr oduction and a Mathematical Model

In the context of spacetravel arisesthe problemof oxygenretrieval. Among otherthingsthe processinvolves
removal of carbondioxidewhich canbeaccomplishedvia a variableconfigurationcarbondioxideremoval sys-
tem or VCCR. In thefollowing wewill concentratejuston theVCCR systemitself andtreattherestof theoxygen
retrieval systemasan independentblack box. The VCCR systemroughly works asfollows: carbondioxide is
removedfrom thecrew cabinandabsorbedinto a socalledbed. In thebedtherearetwo modesof aggregation:
thecarbondioxideentersthebedin gaseousform andthencompoundswith somegelpresentin thebed.

Whenever theconnectionbetweenthecrew cabinandthebedis cutoff thebedcanbepartiallydepletedfrom the
carbondioxide.

So,in total therearetwo modesof the VCCR system.Themodewhencarbondioxideleavesthecrew cabinand
entersthebedwill bereferredto asadsorbingmodeor modeA. Themodewhenthebedis beingdepletedfrom
carbondioxideis calleddesorbingmodeor modeD.

Cabin Bed

   38g/hour

     

   

  

  1m3100m3

Figure3.3: A sketchof thecarbondioxideremoval system.

In modeA somecarbondioxideis producedin thecabindueto thebreathingof thecrew members.Also, some
air (andhencecarbondioxide)leavesthecabin.At thesametime, thecarbondioxidethatleavesthecabinenters
thebed. Introducingvariables��� and ��� representingthecarbondioxideconcentrationin thecabinandthebed
respectively wecanstatetheseinterrelationshipsin theform of two differentialequations:

SystemA �
�
� � � � c � � Ng� � f /������
� � � � c � � Ng� � f ����� �! Z � <

With " � standingfor thevolumeof thecabinand
Q

standingfor therateby whichcarbondioxideis producedby the
crew, theterm �� � representstherateby whichthecarbondioxideconcentrationincreasesin thecabin.Weassume
that the amountof carbondioxide that canleave the cabinis proportionalto the differencein concentrationsin
thecabinandthebedwith somecoefficient

�
. Thosetwo factorsleadto thefirst equation.We assumethat the

amountof CO� in thesolidstateis alwaysin constantproportionto theamountof CO� in gaseousstatein thebed
with proportionfactor P . Sowe have

Theamountof CO� in solidstate � P Û � � " � <
In theadsorbingmode,thesystemremainsclosed.Theonly factorwhich affectsthetotal amountof CO� in the
systemis theastronautsbreathing.Hencethetotalamountof CO� in thesystemincreasesataconstantrate

Q
. The

totalamountof CO� in thesystemat time
I

is

_ c I f �T�$# ��%&�«{ �� /��$# � Ä >� �S� � " � /�� � " � / P Û � � " � �S� � " � / c P /g� f Û � � " �  
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andweknow that

�
_)� Q . Dif ferentiating_ weobtain�

���'"(�½/ c P /g� f Û
�
���'"(�t� Q <

Combiningwith

�
� � � � c � � Ng� � f / ���� yields

�
���J�

� c ���wNg��� f "(�
c P /g� f " � � � c �	�wN2��� f "(�" �

�P /g� <
Whichprovesthesecondequationin system

:
.

In modeD all thathappensin thecabinis thecrew breathingandhenceincreasingthecarbondioxideconcentra-
tion linearly over time. Thebedis beingdepletedfrom someof thecarbondioxide it holdsandwe assumethis
canbedonein a rateproportionalto thecarbondioxideconcentrationin thebed.We canthenstatetheevolution
of thesystemin modeD asfollows:

SystemD �
�
���º� �� ��
���t�ON½÷½���\<

In our discussionof the stability of the systemwe will assumethe parameterstake the following (moreor less
arbitrarily chosen)values:

"(�J����%�%*) 9 � �2� Q �2�#��ð+ "(�t���,) 9 ÷2��� P �2�#�.<

Theneedfor acarbondioxideremoval systemoriginatesfrom aconstrainton theacceptablecarbondioxidecon-
centrationin theair in thecabin:

� ÌT� � Ì2� Þ
) 9 <

So having specifiedthe systemparameters,variables,constraints,modesand the evolution rules,we cannow
moveon to controllingthesystem,i.e. determiningtheswitchingconditions.

3.3.2 Suggestinga Controller

Commonsensesuggeststhata relatively high carbondioxideconcentrationin thecabinanda low concentration
in thebedshouldtakethesysteminto theadsorbingmode.Ontheotherhand,a low concentrationin thecabinand
ahighconcentrationin thebedsuggestsemptyingthebed.Henceweexpectthatadiagonalin the ����NÈ��� plane
makesa sensibleswitchingline which causesthe stateof the systemto stayin the feasibleregion with respect
to carbondioxide concentrations.In orderto increasethe robustnessof the controllerwe decideto introducea
buffer zone.To this endwe introducetwo parallelswitchinglinesinsteadof only one.Within thebuffer zonewe
allow thesystemto bein eithermode.Thisconcessionreducestheditheringin thesystem.In figure3.4wegivea
sketchshowing how thetwo switchinglinesdivide thefeasibleregionof the � � N2� � planeinto threeareas-n '-�-
and-(-(- . AreaI representsthevaluesof � � and � � for which we wantthesystemto bein modeD, in areaII we
wantthesystemto bein modeA. AreaIII is thebuffer zone.

To bespecific,we choosetheswitchinglines . � and . � to bethefollowing:

. � òó���J� L c ���½NR�.< � f c switchingfrom modeA to modeD f. � òó���J� L c ���½N�� f c switchingfrom modeD to modeA f <
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Figure3.4: Dividing theplaneinto threeregions.

Theslopeof theline, i.e. theparameter
L
, canbeadjustedto keepthesystemstablein thefeasibleregion. After

someinspection,we choose
L

to be %r< $#$ . Notethatwe choosetheintersectionpointsof theswitchinglineswith
the � � axisto be �.< � and � , suchthateventuallythesystemwill staystrictly within thefeasibleregion �]��� � ��� .
Thereasonwhy wechoose�r< � and � ratherthan� and� will becomeclearshortly.

3.3.3 A Lyapunov StyleTheorem

Theorem

Givena dynamicalsystem
��	�S  c � f (possiblyhybrid)anda continuouslydifferentiablefunction � c � f suchthat

1. � c � f þ�% for all � .

2. For someclosedboundedregion a ,

�
� c � f �2% for �XW� a .

Denote)Á�Y)�Z\�C¶�[*\]� c � f and -��^� q � c F %. �)0H f �OyX�	ò_� c � f Ì`)È| ,
thenfor each� � �È� c % f thereis T, suchthat � c I f	� - for

I � _ .

The Intuition Behind the Theorem

Supposethesystemstartsatsomearbitrarypoint � � �	� c % f . Thenaslongasthesystemstaysoutof theregion a ,
thevalueof � decreases.Since � c � f Ìa) on a , � c I f is decreasingaslong as � c � c I fkf � ) . Henceeventually
we have � c � c I fkf ÌY) , andthesystemreachestheset - . Also, a���- � ��b , andhence� is nonincreasingwhen
thesystemis on theboundaryof - . Sooncethesystemis in - , � c I f cannever increaseabove ) , andthesystem
stayswithin - .

3.3.4 Stability of the VCCR System

Intr oducinga Lyapunov Function

In order to prove stability of the carbondioxide systemwe want to make useof the Lyapunov technique.We
claim thatthefollowing function � is a Lyapunov functionfor oursystem:

� c ���� M��� f �
c c ���wN L c ����NÆ� f¹f � / c c ���wN L c ���wN��r< � f¹f � / c ���½/ A �d f � in areasI, IIc c ��< � L f � / c ���v/ A �d f � in areaIII

Thebranchof function � belongingto areasI andII consistsof threeterms:Thefirst two termsareamultipleof a
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point’sdistancefrom theswitchinglines.Thatis, thevalueof � c ���� M��� f increaseswith increasingdistancefrom
theswitchinglines.Sotheeffectof thefirst two termsis to pull thestateof thesystemtowardsacceptablevalues
of ��� . Thevigorousnessof thedistancepenaltycanbefine-tunedby choosingtheparameter

c
accordingly. We

choose
c

to be �#%�% . Thethird partof thefirst branchof � resemblesthedistancefrom animaginaryline. The
imaginaryline is perpendicularto the switching lines andcuts throughthe origin. The purposeof addingthe
distancefrom theimaginaryline is to pull thestateof thesystem‘down’ towardssmallvaluesof ��� .
Whenwe arein thebuffer zone,i.e. areaIII, the carbondioxideconcentrationin the cabin � � is within the ac-
ceptablerange.Hencewe aremainly concernedwith pulling thesystemtowardslow valuesof � � . Again, this is
accomplishedby consideringthedistancec ���x/ A �d f � from thesameimaginaryline thatwasintroducedabove.

In additionto that,we introducetheterm
c c �@< � L f � to ensurethecontinuityof � .

Proving Stability of the System

We now apply the Lyapunov style theoremusingthe function � describedabove. First, we observe that � is
continuouslydifferentiable,and � þ2% . Wenow checkusingMatlab,onwhichregionthecondition

�
�V�g% holds.

First we verify that this conditionholdson regionsI andII. In region I, thesystemis alwaysin modeD. Hence�
�h� >fe> ¶ Û

�� ê in region I. In region II, thesystemis alwaysin modeA. Sohere

�
�b� >fe> ¶ Û

��>g . Fromfigures3.5
and3.6below weseethat

�
�V��% bothin region I andII.
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Figure3.5: In region - , thesystemis in mode
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In region III the systemcouldbe in eithermodeA or D. To enforcethe condition

�
�¾�)% , we needto have

both
>fe> ¶ Û

�� g �2% and
>fe> ¶ Û

�� ê ��% . Figures3.7,3.8and3.9illustratethat
>fe> ¶ Û

�� g ��% holdson theentireregion
III, andthat

>fe> ¶ Û
�� ê �g% holdsfor all pointsin region III, exceptfor asubseta .
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Figure3.7: In region -(-(- , in thecasethesystemis in mode
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Figure3.10:ThesetS=� q � c F %r ')lH f .
TheLyapunov styletheoremstatesthatthesystemstablyconvergesto theset - . Since�]���	�t�g� for all the

pointsin - , theconstraintson thecarbondioxideconcentrationin thecabinwill besatisfied.

3.4 Conclusions

As usual,thereareplentyof opportunitiesfor furtherinvestigations.Concerningthefirst partit wouldbedesirable
to run SOSTOOLS on the given exampleusingpolynomialsof higherdegreesin order to explore how closely
SOSTOOLS advancesthecritical valueof

L
, theswitchingsurfaceparameter.

As to thesecondpart,therearevariouspossibleextensions.Unrolling thepossibilitiesfrom theend,first of all it
wouldbeinterestingto expressareaIII parametricallyanduseSOSTOOLS for thestabilityanalysis.Also,wecould
experimentwith differentswitchinglines,in particularwith non-parallelones.In anotherstepthecontrollercould
beoptimizedin orderto minimizetheamountof ditheringin thesystem.Finally, a moresophisticatedmodelof
thecarbondioxide removal systemcould incorporatethe transitionof carbondioxidebetweenthesolid andthe
gaseouspartsof thebed.
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Chapter 4

Modelling Polymer-Purification by
Counter-Curr ent Exchange

Participants: David Misemer(Mentor),ZhenluCui, HuaLi, SeungLee,QianWang,FabienYoubissi.

PROBLEM STATEMENT: Adhesivesarecommonlyusedfor medicalandelectricalpurposes,suchastrans-
thermalskin patchesandblackelectricaltapeselectricianscarrywith them. It is necessarythatadhesive should
have the leastimpuritiesbecauseimpuritieswould causeside-effect of patchesor malfunctionof electricalde-
vices. That is, thematerialfor adhesives,polymermelt, shouldbehighly purified. Theengineersat 3M usethe
counter-currentexchangeprocessto removetheresidualmonomersto obtainhighly purifiedpolymermelt.

While the co-currentexchangeprocessis limited dueto equilibrium partition, thecounter-currentexchange
processdoesnot go to the statethat the exchangestops.The exchangeof O� andCO� at the gills of fish is an
exampleof thecounter-currentexchangeprocess.
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CHAPTER4. MODELLING POLYMER-PURIFICATION BY COUNTER-CURRENTEXCHANGE

Polymer Melt Solvent FlowSolvent Flow

Monomer Monomer

Figure4.1: SchematicPictureof 2 ZoneModel.

In this paper, we study the purificationprocessusing the counter-currentexchange,build two modelsthat fit
experimentaldata,andexplain thephysicsof thecounter-currentexchangeprocess.In theend,we comparetwo
models.

4.1 2 ZoneModel

Herewe assumethat thereareonly two flows in the columnwherethe exchangeof residualmonomerin the
polymersolvent takesplace.Oneis theflow of thepolymermelt which goesdown undergravity forceandthe
otheris theflow of thesolventwhichis pushedup. Wealsoassumethattwo flowsareconcentricandthatresidual
monomersin theflows areuniformly distributedat eachlevel. Figure4.1 is theschematicpictureof the2 zone
model.

4.1.1 The Equation Set-up

In order to derive relationshipsbetweenthe concentrationsof residualmonomersin the polymermelt and the
solvent, we definefunctionsandsymbolsasfollows: Let h be the lengthof the cylindrical columnwherethe
polymer melt and the solvent exchangemonomers. Let i be the radiusof the column of the polymer melt.
Let j be the radiusof the cylindrical column . Let k	l@monqpqr�s and k�t*mHnqp�rus be the concentrationsof residual
monomersin thepolymermelt andthesolventat time n andat height r , respectively. Herewe setthebottomof
thecolumn rYv�w . Then,at the interfaceof thepolymermelt andthesolvent,we have themonomermassfluxx
massv�yzm'k	l|{~}�k�t*s , wherep is apartitionconstantand y is anexchangeefficiency constant.Let �(l and�(t be

thevelocityof thepolymermelt andthesolvent,respectively. Relatingto thevelocity, we alsohaveflow ratesof
thepolymermelt andthesolvent,denotedby ��l and ��t , respectively. We assumethat they areconstant;i.e., the
polymermelt andthesolventareput into themaincolumnwith fixedrates.Let � l and � t bethecross-sectional
areaof thecolumnsof thepolymermeltandthesolvent,respectively. Thenwe have

� l vY��i*�(p � t vU��m'j���{�iO�_s��
Fromtime n to time n�����n , theamount

�(l��:��n	�:k�l�monqpqr�s��O�|l�v��(l��:��n��*k�l(monqpqr�s��,��i �
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of themassof thepolymermelt comesin at height r andtheamount

�(l��:��n��Ok�l(mHnqpqr�{���r�su�O�|l�v��(l��:��n��*k�l(monqpqr�{X��r�su�,��iO�
of the massof the polymermelt comesout at height r�{���r . And in time ��n , the polymermelt losesto the
solventtheamountof residualmonomersthatis

xq�|� tMt �O��n	� (Areaof Exchange)v�yzm�k l mHnqp�rus�{�}�k t mHnqp�rus�s��:��n��&�O��i$�O��r��
Dueto theconservationlaw of mass,we have thefollowing:

��� l v � l mon�����n�su{a� l mon�s
v � l �:��n��*k l monqpqr�s��*� l {�� l �O��n��Ok l mHnqp�r�{���r�su�O� l { xq�|� tMt ����n	� (Areaof interface)

v � l �:��n��*k l monqpqr�s��,��iO��{�� l ����n	�*k l mHnqp�r]{���rusu�f��i*��{ayzm'k l {�}�k t s��O��n��f�*��i��:��r��
Dividing theaboveby � l �O��n��:��r , wehave

k l mon�����nqpqr�su{ak l mHnqp�rus
��n vY�(l k l monqpqr�s�{ak l mHnqp�r�{���r�s��r { ��yi m'k	l@monqpqr�su{�}�k�tOmonqpqr�sMs'�

Letting ��n and ��r tendto zero,wehave� k�l� n mHnqp�rus	vY� l
� k�l� r mHnqp�rusu{

��y
i m'k l monqpqr�su{�}�k t mHnqpqr�sMs'p

or �
� l
� k l� n mHnqp�rus�v

� k l� r monqpqr�su{
�O��i_y
� l m�k�l@mHnqp�rusu{�}�k�tOmonqpqr�sMs��

Now we turn our attentionto k t . Like thecaseof k l , we usetheconservationlaw of mass.Fromtime n to
time n�����n , theamount

� t ����n��*k t monqpqr]{���rusu�:� t v�� t ����n��Ok t monqpqr]{���rusu�f��m�j|��{�iO�@s
of themassof thesolventcomesin atheight r andtheamount

�(t��:��n��Ok�t*mHnqp�rus��:��t�v��(t�����n��Ok�t*monqpqr�s�����m'j���{�iO�_s
of the massof the solvent comesout at height r�{ ��r . And in ��n , the solvent gainsthe amountof residual
monomersthatis

xq�|� tMt �O��n	� (Areaof Exchange)¡�yzm�k l mHnqp�rus�{�}�k t mHnqp�rus�s��:��n��&�O��i$�O��r��
Thus

��� t v � t mHn¢����n�su{a� l mHn�s
v � t �:��n	�Ok t mHnqpqr�{���r�su�*� t {�� t �O��n��*k t mHnqp�rus��O� t � x��|� t't �:��n�� (Areaof Exchange)

v � t �:��n	�Ok t mHnqpqr�{���r�su�,��m�j|��{�iO�@s>{�� t �:��n��Ok t mHnqp�rus>����m�j|��{�iO�@s
��yzm�k�l(mHnqp�rus�{�}�k�t*mHnqp�rus�s��:��n��&�O��i$�O��r��
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Dividing theaboveby � t �O��n	����r , we have

k t mon�����nqpqr�su{ak t monqpqr�s
��n v�� t k t monqpqr�{���r�su{ak t monqpqr�s��r � ��yFi

j � {�i � m'k t mHnqpqr�s�{�}�k t mHnqp�rus�s��
Letting ��n and ��r tendto zero,wehave� k t� n monqpqr�s	v�{¢� t

� k t� r monqpqr�s��
�Oi¤y

j � {�i � m'k l monqpqr�su{�}�k t monqpqr�sMs'p
or

{
�
� t
� k�t� n mHnqp�rus	v

� k�t� r mHnqp�rusu{
�*��i¤y
� t m'k l monqpqr�su{�}uk t mHnqp�rus�s��

Therefore,wehavea systemof partialdifferentialequations�
� l
� k l� n monqpqr�s¥v

� k l� r mHnqpqr�s�{
�*��i¤y
� l m'k	l@monqpqr�s�{�}uk�tOmHnqp�rus�s

{
�
�(t
� k t� n monqpqr�s¥v

� k t� r mHnqp�rus>{
�O��i_y
��t m�k l mHnqp�rusu{�}�k t monqpqr�sMs

with boundaryconditionsk l monqpqh|s	v�¦ and k t mHnqp�w�s	vaw for all n|§�w , where ¦ is given.

4.1.2 Steady-StatePhenomena

Thesteady-stateof thesystemmeansthat theconcentrationsdo not dependon time n ; i.e., thesystemhasgone
throughacertainamountof timetohavethetime-independentconcentrationsof residualmonomersin thepolymer
meltandthesolvent.

Quantitati veAnalysis

Herewedenotethesteady-stateconcentrationsof residualmonomersin thepolymermeltandthesolventby k lO¨ ©
and k�t�¨ © , respectively. Sowe havethefollowing systemof first-orderordinarydifferentialequations:

w v
� k�lO¨ ©� r mHnqp�rusu{ �*��i¤y� l m�k�lO¨ ©ªmHnqp�rusu{�}�k�t�¨ ©ªmonqpqr�sMs

w v
� k t�¨ ©� r monqpqr�s�{ �*��i¤y� t m�k�lO¨ ©ªmonqpqr�s�{�}uk�t�¨ ©«mHnqp�rus�s

(4.1)

or ¬ k lO¨ ©¬ r m'rus
¬ k t�¨ ©¬ r m�r�s

va�*��i¤y
�
��l { }��l�
��t { }��t

k�lO¨ ©ªm'rus
k t�¨ © m�r�s p

with boundaryconditionsk l*¨ © m�h�s	v�¦ and k t�¨ © m­wus	v`w . Let ® bethematrix�
��l { }��l�
��t { }��t

�

If we let ¯av ��y
i�� l , °�v ��yFi

m�j � {�i � sH� t and �ª±²v ¯ ° v
��l
� t , thentheeigenvaluesof ® are w and̄«{�°@} .
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Case1. Assumethatthesecondeigenvalueis not zeroanddenoteit by ³ . Thenthesolutionof thesystemof
theordinarydifferentialequationsis

k lO¨ © m�r�s´v ¦�µ
¶F· {a� ± }
µ
¶F¸ {a�ª±F}

k t�¨ © m�r�s´v ¦ �*��i¤y��t µ
¶F· { �¹º�» l µ
¶F¸ { �

(4.2)

for wU¼½rU¼½h . It is easyto seethat theeffectivenessof theprocesscanbecharacterizedby the ratio ¾ of the
initial concentrationandtheexit concentrationof thepolymermelt; i.e.,

¾�v k lO¨ © m­wus
k�l*¨ ©Um�h�s v

¹º]» l { �¹º�» l µ
¶F¸ { ��¿ ¦À�

Case2. We assume³�vaw ; i.e., ¯av�°@} . Thenit is easyto seethat ® � vXÁ . Thesolutionof (4.1) is

k lO¨ © m�r�s´v ¦ � l �«�*��i¤y¤r��l��«�*��i¤y¤h
k t�¨ © m�r�s´v ¦ � l� �«�*��i¤y¤h

for wÂ¼�r�¼�h . Sowehave

k lO¨ © mÃw�s	v�¦ � l� �«�*��i¤y¤h �
Qualitati veAnalysis

Fromthesolutionsabove,wenoticethatin eithercasetheexchangeprocessremovestheresidualmonomersfrom
thepolymermelt. Fromtheexperimentaldata,we canfind thematerialconstanty thatis theexchangeefficiency
constantin theordinarydifferentialequations.Hereis onesetof theexperimentaldata.For thissetof parameters,
we have a non-zeroeigenvalue.Thecolumnhasheight16 feetanddiameter1.5 inch. Thepolymermelt comes
into the columnthrough140holesof radius3 mil. The massratio of the solvent to the polymermelt is 3.95:1
andthe flow rateof the solvent is 104 gramper minute. The effective removal ratio ¾ definedby Ä�Å&Æ ÇÉÈ Ê,ËÄ Å&Æ Ç È ¸ Ë isw�� w:w�Ì:Í . Pluggingall datain (4.2),we have y~v � � Î�Ï:wuÐ by computation.Sowe usetheexponentiallyincreasing
concentrationswhich aregivenin (4.2).

In Figure4.2, as the polymermelt flows down the column, the concentrationof residualmonomersin the
polymerdecreases.On theotherhand,thatof themonomersin thesolventincreasesasthesolventis pushedup.¾ givesusanideaabouthow long thecolumnshouldbe. Taking y�v � � Î:Ï�w�Ð andusingthesolutiongivenin
(4.2),wegetFigure4.3.

4.2 3 ZoneModel

As we all experiencewhenwe have a shower, watersprayfrom the shower-headcarriesnearbyair with itself.
Likewise, in thecolumn,thepolymergoesdown with thesolventnearby. Thus,unlike theprevioussystem,we
havethreelayersof thepolymermeltandthesolvent.Two layersaretheonesof thepolymermeltandthesolvent,
andin themiddleof thetwo thereis a layerof thesolventthatgoesdown with thepolymermelt. SeeFigure4.4.

4.2.1 The Equation Set-up

We startwith definingfunctionsandconstantsto describethesystem.We inherit functionsandconstantsusedin
theprevioussectionfor thepolymermelt. Sincewe have two layersof thesolvent,we needto have two setsof
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Figure4.2: Changeof Concentrations
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Figure4.4: SchematicPictureof 3 ZoneModel.

functionsandconstantsusedfor thesolvent.We denotefunctionsandconstantsfor theinnerlayerof thesolvent
by symbolsusedin the previoussectionwith subscript1 andfor the outerlayerby thosewith subscript2. For
example,theconcentrationof the innersolvent is denotedby k t�¨ ¹ while thatof theoutersolvent is denotedbyk t�¨ � .

Justlike thesimplesystem,from thepolymermelt, theimpurity or theresidualmonomermovesinto theinner
layerof thesolvent.Fromtime n to time n¢����n , theamount

� l �:��n	�:k l monqpqr�s��O� l v�� l �:��n��*k l monqpqr�s��,��iO�
of themassof thepolymermelt comesin at height r andtheamount

� l �:��n��Ok l mHnqpqr�{���r�su�O� l v�� l �:��n��*k l monqpqr�{X��r�su�,��iO�
of the massof the polymermelt comesout at height r�{���r . And in time ��n , the polymermelt losesto the
solventsomeamountof residualmonomersthatisx �|� t't��O��n�� (Areaof Exchange)v�y ¹ m�k�l@mHnqp�rus>{�}�k�t�¨ ¹ mHnqp�rus�s��O��n��f�*��i��:��r�p
where y ¹ is theexchangeefficiency constantof thepolymermeltandthesolvent.Dueto theconservationlaw of
mass,wehave thefollowing:

���ªl v �ªl�mon�����n�s�{��ªl�mon�s
v � l �O��n��*k l mHnqpqr�s��*� l {�� l ����n��*k l mHnqp�r]{���r�su�O� l

{ xq�|� tMt �:��n�� (Areaof Exchange)

v � l �O��n��*k l mHnqpqr�s��,��iO��{�� l �O��n��Ok l monqpqr�{���rus�����i*�
{Éy ¹ m�k�l�{�}�k�t�¨ ¹ su�:��n	�q�*��i��O��rz�
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Dividing ��� l by � l �:��r��:��n andletting ��n and ��r tendto zero,we have� k l� n mHnqpqr�s	vY�(l
� k l� r mHnqpqr�s�{

��y ¹
i m�k�l@mHnqp�rusu{�}�k�t�¨ ¹ mHnqp�rus�s@p

or �
�(l
� k l� n monqpqr�s	v

� k l� r monqpqr�s�{
�*��i¤y ¹
��l m�k l mHnqp�rusu{�}�k t�¨ ¹ mHnqp�rus�s��

The inner layer of the solvent exchangesthe residualmonomerwith the polymermelt andthe outer layer.
Fromtime n to time n�����n , theamount

� t�¨ ¹ �O��n��*k t�¨ ¹ monqpqr�{���rus>�*� t�¨ ¹ vU� t�¨ ¹ ����n	�:k t�¨ ¹ mHnqp�r]{���rusu�f��mHiO� ¹ {�iO�@s
of themassof thesolventcomesin atheight r andtheamount

� t�¨ ¹ ����n	�*k t�¨ ¹ mHnqp�rus>�*� t�¨ ¹ vU� t�¨ ¹ ����n	�:k t�¨ ¹ mHnqp�rus>����mHiO� ¹ {�iO�_s
of themassof thesolventcomesoutatheight r�{U��r . And in ��n , theinnersolventlayergainsfrom thepolymer
melt theamountof residualmonomersthatis

x��|� t't �:��n�� (Areaof Exchange)v�y ¹ m'k l monqpqr�s�{�}�k t�¨ ¹ mHnqp�rus�s>�O��n��&�O��i$�O��r
andlosesto theouterlayertheamount

x��|� t't �:��n�� (Areaof Exchange)v�y � m�k t�¨ ¹ mHnqp�rus>{ak t�¨ � mHnqp�rus�s��O��n	�q�*��i ¹ �O��rz�
Thus

��� t�¨ ¹ v � t�¨ ¹ mon¢�a��n�su{�� t�¨ ¹ mon�s
v {¢� t�¨ ¹ �O��n��Ok t�¨ ¹ mHnqpqr]{���r�su�O� t�¨ ¹ �~� t�¨ ¹ �:��n��*k t�¨ ¹ monqpqr�s��*� t�¨ ¹

� xq�|� tMt ����n	� (Areaof Exchange){ xq�|� tMt �O��n�� (Areaof Exchange)

v {¢�(t¢�:��n��*k�tOmonqpqr�{���rus>�,��mHi � ¹ {�i � sÑ�~�(t��:��n��Ok�t*mHnqp�rus>����mHi � ¹ {�i � s
��y ¹ m�k�l@mHnqpqr�s�{�}�k�t�¨ ¹ monqpqr�sMs�����n	�q�*��i��O��r
{Éy � m�k t�¨ ¹ mHnqpqr�s�{�k t�¨ � monqpqr�sMs��:��n��&�O��i ¹ �:��r��

Dividing ��� t�¨ ¹ by � t�¨ ¹ �:��r��:��n andletting ��n and ��r tendto zero,we have� k t�¨ ¹� n monqpqr�s	v��(t�¨ ¹
� k t�¨ ¹� r monqpqr�s>� ��y ¹ i

i � ¹ {�i � m'k	l@monqpqr�s�{�}uk�t�¨ ¹ monqpqr�sMs�{
�*i ¹ y �i � ¹ {�i � m'k�t�¨ ¹ mHnqpqr�s�{�k�t�¨ � monqpqr�sMs@p

or �
�(t�¨ ¹

� k t�¨ ¹� n v
� k t�¨ ¹� r mHnqpqr�s>� �*��i¤y ¹��t�¨ ¹ m'k l monqpqr�su{�}uk t�¨ ¹ monqpqr�sMs�{

�*��i ¹ y ���t�¨ ¹ m'k t�¨ ¹ monqpqr�su{ak t�¨ � mHnqp�rus�s��
Lastly, we look into theouterlayer. Fromtime n to time n�����n , theamount

�(t�¨ � ����n	�*k�t�¨ � mHnqp�r�{���r�s��*�|t�¨ � v��(t�¨ � �:��n��Ok�t�¨ � mHnqpqr�{���r�su����m'j � {�i � ¹ s
of themassof thesolventcomesout at height r andtheamount

�(t�¨ � �:��n��*k�t�¨ � mHnqpqr�s��*�|t�¨ � v��(t�¨ � �:��n��Ok�t�¨ � mHnqpqr�s��f��m�j � {�i � ¹ s



CHAPTER4. MODELLING POLYMER-PURIFICATION BY COUNTER-CURRENTEXCHANGE 47

of the massof the solvent comesin at height r�{���r . And in ��n , the outersolvent layer gainsan amountof
residualmonomersthatis

x��|� t't �:��n�� (Areaof Exchange)v�y � m�k t�¨ ¹ mHnqp�rus>{ak t�¨ � mHnqp�rus�s��O��n	�q�*��i ¹ �O��rz�
Thus

��� t�¨ � v ��� t�¨ � �:��n��*k t�¨ � mHnqpqr�{���r�su�,��m�j|��{�iO� ¹ s>{�� t�¨ � �:��n	�Ok t�¨ � monqpqr�s��,��m�j|��{�iO� ¹ s
��y � m�k�t�¨ ¹ mHnqp�rusu{�k�t�¨ � monqpqr�sMs�����n	�f�O��i ¹ ����r

Dividing ��� t�¨ � by � t�¨ � �:��r��:��n andletting ��n and ��r tendto zero,we have

� k t�¨ �� n mHnqpqr�s	v�{¢� t�¨ �
� k t�¨ �� r monqpqr�s>� �*i ¹ y �j � {�i � ¹ mMk t�¨ ¹ monqpqr�s�{ak t�¨ � mHnqp�rus�s@p

or

{
�
� t�¨ �

� k�t�¨ �� n monqpqr�s�v
� k�t�¨ �� r monqpqr�s�{ �*��i ¹ y �� t�¨ � m�k t�¨ ¹ mHnqp�rus>{ak t�¨ � mHnqpqr�sMs'�

As in the2 zonemodel,we have a boundarycondition k l mHnqp�h�s�vÒ¦ for all n�§ w . Regarding k t�¨ ¹ , we see
that,at the top of thecolumn,someof thesolventgoesout of thesystemwhile the reststaysin thesystemand
movesalongwith thepolymermelt. Thuswe have

k�t�¨ ¹ monqpqh|s	v�k�t�¨ � mHnqp�h�s for all nÓ§�wz�
Lastly, sincemassof residualmonomersin theinnersolventlayermustbeequalto massof residualmonomersin
theoutersolventlayer,

moiO� ¹ {�i*�_sH� t�¨ ¹ k t�¨ ¹ mHnqpMwus	v�m'j|��{�iO� ¹ sH� t�¨ � k t�¨ � monqpMwus��
Therefore,we have�

� l
� k	l� n mHnqp�rus v

� k	l� r monqpqr�su{
�O��i_y ¹
� l m'k�l(monqpqr�s�{�}�k�t�¨ ¹ monqpqr�sMs¤p

�
� t�¨ ¹

� k t�¨ ¹� n mHnqp�rus v
� k t�¨ ¹� r mHnqp�rusÑ� �O��y ¹ i� t�¨ ¹ m'k�l(monqpqr�s�{�}�k�t�¨ ¹ monqpqr�sMs

{ �*��i ¹ y ���t�¨ ¹ m�k t�¨ ¹ mHnqp�rus�{�k t�¨ � mHnqpqr�sMs_p

{
�
�(t�¨ �

� k t�¨ �� n mHnqp�rus´v
� k t�¨ �� r mHnqp�rusÑ� �O��i ¹ y ���t�¨ � m'k t�¨ ¹ monqpqr�s�{�k t�¨ � mHnqp�rus�s_p

with the boundaryconditions k l monqpqh|s]vÔ¦ , mHi � ¹ {Yi � sH� t�¨ ¹ k t�¨ ¹ monqpMw�s�vÕm�j � {`i � ¹ so� t�¨ � k t�¨ � monqpMw�s , k t�¨ ¹ monqpqh|s�vk t�¨ � mHnqpqh|s for all n|§�w��
4.2.2 Steady-StatePhenomena

Quantitati veAnalysis

Wedenotethesteady-stateconcentrationsof residualmonomersin thepolymermelt,theinnerlayerandtheouter
layerby k�lO¨ © , k�t�¨ ¹ ¨ © and k�t�¨ � ¨ © , respectively. Sowe have to solve thefollowing systemof first-orderordinary
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differentialequations:

w v
¬ k	lO¨ ©¬ r monqpqr�s�{ �O��i¤y ¹� l m�k lO¨ © mHnqp�rus�{�}�k t�¨ ¹ ¨ © mHnqp�rus�s@p

w v
¬ k	t�¨ ¹ ¨ ©¬ r monqpqr�s>� �O��i¤y ¹� t�¨ ¹ m�k lO¨ © mHnqp�rusu{�}�k t�¨ ¹ ¨ © mHnqp�rus�s

{ �*��i ¹ y �� t�¨ ¹ m�k�t�¨ ¹ ¨ ©ªmonqpqr�su{ak�t�¨ � ¨ ©ªmHnqp�rus�s@p

w v
¬ k t�¨ � ¨ ©¬ r monqpqr�s�{ �O��i ¹ y �� t�¨ � m�k�t�¨ ¹ ¨ ©ªmHnqp�rusu{�k�t�¨ � ¨ ©UmHnqpqr�sMs_p

(4.3)

or ¬ k lO¨ ©¬ r mHnqp�rus
¬ k t�¨ ¹ ¨ ©¬ r mHnqp�rus
¬ k t�¨ � ¨ ©¬ r mHnqp�rus

v

�*��i¤y ¹
��l { �*��i¤y ¹ }��l w

{ �O��i¤y ¹� t�¨ ¹
�O��i_y ¹ }Â���O��i ¹ y �� t�¨ ¹ { �O��i ¹ y �� t�¨ ¹

w �*��i ¹ y �� t�¨ � { �O��i ¹ y �� t�¨ �

k�lO¨ ©ªmHnqp�rus
k�t�¨ ¹ ¨ ©ªmHnqp�rus
k�t�¨ � ¨ ©ªmHnqp�rus

with theboundaryconditionsk lO¨ © m�h|s	v�¦ , � t�¨ ¹ k t�¨ ¹ ¨ © m­wus�v^� t�¨ � k t�¨ � ¨ © m­wus , k t�¨ ¹ ¨ © m�h|s	v�k t�¨ � ¨ © m�h|s .
If we let

®Ôv

�O��i¤y ¹
� l { �O��i_y ¹ }� l w

{ �*��i¤y ¹� t�¨ ¹
�*��i¤y ¹ }Â�«�*��i ¹ y �� t�¨ ¹ { �*��i ¹ y �� t�¨ ¹

w �O��i ¹ y ���t�¨ � { �*��i ¹ y ���t�¨ �

p

thenthesolutionof theaboveequationsis of form

k lO¨ © m�r�s
k t�¨ ¹ ¨ © m�r�s
k t�¨ � ¨ © m�r�s

v�Ö ¹Ø×@¹ �aÖ � × � µ
¶_ÙÃ· �`Ö'Ú × Ú µ

¶�Û,· p

where ³ ’s areeigenvaluesof ® , × ’s areeigenvectors® , and Ö ’s areconstantssatisfyingtheinitial conditions.

Qualitati veAnalysis

Thesolutionof (4.3) is too long to write. And, sincetheexperimentaldatadoesnot giveusthevaluesof param-
etersintroducedfor the3 zonemodel,it is hardto analyzeits behaviour. Herewe investigatethe3 zonemodel
usingonesetof parameters.

Weusethesamedatausedfor analyzingthe2 zonemodel.Thecolumnhasheight16feetandradius1.5inch.
The polymermelt comesinto the columnthrough140holesof radius3 mil. The effective radiusof the region
undertheinfluenceof thepolymermelt is assumedto be �zÜqÌ�j . Themassratioof thesolventto thepolymermelt
is 3.95:1andtheflow rateof thesolventis 104gramperminute.Let ¾ÝvYÏ�w�Ü � ÐfÞ�Î � .

Figures4.5, 4.6 and4.7 show the changeof concentrationsfor different y ¹ and y � . It is hardto tell which
choiceof y ¹ and y � fits thedata.Figure4.8shows thebehaviour of ¾ ’swith differentsetsof data.
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Figure4.5: y ¹ v � � Þ and y � vaw�� Î .
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4.3 Conclusion

While the2 zonemodelis simpleto analyzeandfits thedataquitewell, it is noteasyto analyzethe3 zonemodel.
We speculatethat the difficulty lies in the complexity of the solutionaswell asinsufficient datafor the model.
Regardingthe data,it is hardto determinethe effective radiusof the region underthe influenceof the polymer
melt, andit might affect the analysissignificantly. At this stage,it is inappropriateto judgethe validity of the
model.However, we infer thatthe3 zonemodelis ingenioussinceit is moreappealingto our intuition.
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Chapter 5

Solar Car RacingStrategies

Participants: Fadil Santosa(Mentor), Hongbin Guo, Christian Ketelsen, Ilona Kletskin, Qingguo Li,
AlfonsoLimon, Yuriy Mileyko.

PROBLEM STATEMENT: An optimal solarcar racingstrategy, onewhich will accountfor different racing
rulesandtrackconditions,mustbeformulated.

In today’s world of diminishingnaturalenergy resources,advancesin technologyandscientific innovation
have fuelledresearchers’interestin exploring thepotentialof solarcars. In recentyears,theseresearchershave
expandedtheir sciencelabsto includethe racetrack. Around theworld, teamsareconstantlytrying to develop
new materials,aerodynamicdesigns,andelectricalsystemsthat will help themwin the varioussolarcar races
heldglobally [1]. Theseracesvary in their objectivesfrom maximizingdistanceovera prescribedtime periodto
maximizingaveragespeedsover thecourseof a multi-dayrace.Theracecarsbegin with a fully chargedbattery,
and must rely on additionalenergy absorbedthroughthe solar panelsduring the race. While the designand
constructionprocessis important,a racingteamcannothopefor successwithoutawell developedracingstrategy
thattakesinto considerationsuchthingsasweatherandtopography.

Racingteamsmustadhereto several constraintsincluding total combinedweight of vehicleanddriver and
maximumbatterycapacity. Apart from theseinitial specifications,the problemthen becomesan exercisein
optimalcontrolin orderto determinetheoptimalspeedthatshouldbeusedatany giventimeto maximizeoverall
performance.In previousraces,strategieshave includedmaintaininga constantspeedthroughouttheraceunder
clearskiesandflat terrain,but eitherincreasingor decreasingspeedundercloudcover. Thequestionarisesthen,
asto whetheror not thesestrategiesareactuallythemostdesirable;would it perhapsbepreferableto drive at a
considerablyfasterspeed,andthenstopto rechargethebatteries?Undercloudyconditions,is it betterto try to
“outrun” the cloud asquickly aspossible,or to drive slowly, sinceavailablesolarpower is reducedwithin this
region?In this paper, wewill exploretheanswersto thesequestionsregardingvariousracingscenarios.
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5.1 Intr oduction

Thepaperhasbeenorganizedinto six sectionsandtwo appendices.Thefive sectionsthat following consistof a
solarcarmodel,racingstrategiesdictatedby optimalcontroltheory, numericalresultsfor bothcloudyandsunny
days,conclusions,and future work. The appendicescontaintheoremsimportantto this paperanda seriesof
Matlabm-filesusedto computethenumericalresults.

5.2 Model

As in all typesof racing,themainobjective in the majority of solarcar racesis to attainthemaximumaverage
speedthroughout.For solarcars,the ability to achieve this goal is directly relatedto the amountof energy in
the systemat any given time. Solarcarsbegin a racewith an initial amountof energy storedin their batteries,
anamountprescribedby therulesof theparticularrace.Carsmustthenrun thecourseof theraceand,without
exceedingbatterycapacity, obtainall additionalenergy from thesunthroughtheirphotovoltaicpanels.Assuming
a singledayracebeginningshortlyaftersunrise,all additionalsolarpowergenerationincludingrechargingmust
takeplaceduringracetime.

In theformulationof themodel,severaladditionalsimplifying assumptionsaremade.First,becausea regen-
erative brakingsystem(onethat allows brakingto produceenergy) is not a standardfeatureof solarcars,it is
assumedthat thecar is not equippedwith sucha system.Furthermore,it is assumedthat theamountof energy
requiredto acceleratethesolarcaris smallcomparedto theamountof energy dissipatedthroughouttheraceday.
Thus,theforcenecessaryto acceleratethevehicleis ignored,andtheactingforcesthathinderthevehicle’smo-
tion aretheaerodynamicdragandtherolling friction associatedwith thetires.Usingtherelationthatpoweris the
productof forceandspeed,andsincepower is beingconsumedonly to overcomeresistive forces,thefollowing
powerbalanceis obtained: á�â � á t�{��>m'Ö�ãÓ�aÖ � � � s	vaw

Theaerodynamicdragscalesasthe squareof the speed,with a coefficient, Ö � , that is dependentuponsuch
quantitiesasthefrontal areaof thecarandthedensityof air. Theforceof rolling friction Ö,ã is a functionof the
speedof thevehicleandits mass;for purposesof simplification,this forceis assumedto beconstant.Thevalues
of thecoefficientsare: Ö ã vXÌ�Ï��­ÐfÎuÐfÞ�p�Ö � vXw�� w:ÞuÐfà:Þ [2]. Thesolarpower function

á t dependson suchthingsas
latitudeon thesurfaceof theearth,dayof theyear, andtimeof theday. However, for any givenrace,latitudeand
dayof theyearwill not changegreatly;thus

á t is takenonly asa functionof thetime of theday. An exampleof
a powerprofile for January1stalongtheequatorcanbeseenin Figure5.1.

Thispowerprofileshallbeusedfor all futurecalculations.While theefficiency of thesolarpanelsis accounted
for in the function

á t , the transformationof energy from the batteryto the drive systemis assumedto be one
hundredpercentefficient. Becausethe power availablefrom the battery

á â
canbe written asthe negative time

derivative of the energy in the battery, the power balancecanbe rewritten asthe first equationin the following
first ordersystem.Thesecondgoverningequationdefinesthespeed.ä¾Ýv á t�{��>m'Ö�ã��aÖ � � � säå vU� (5.1)

Theracingstrategy is further restrictedby theconditionsthat the initial energy shouldbeequalto themaxi-
mumenergy thatcanbestoredin thebatteryor themaximumenergy allowedby thetermsof therace.Likewise,
in orderto ensurethatthemostefficient useof energy is implemented,theenergy in thesystemat theendof the
raceshouldbezero.Finally, it is clearthattheenergy availablefrom thebatterymustbenon-negativeatall times.
Otherconditionsof thesystemcanbedefineddependingon thenatureof theracingobjective.

5.3 Strategies

Theracingstrategy canbeinfluencedby many factors,suchasweatherconditions,racingterrain,typeof raceand
numberof racingdays.We considertwo typesof races:fixeddistanceandfixedtime. For thefirst typeof race,
we aretrying to minimizethetotal time,andfor thesecondtype,we maximizethedistance.
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Figure5.1: PowerProfile.

In thispaperweassumethatwehaveflat terrainandasingledayrace.We alsoassumethepossibilityof only
two weatherconditions:aperfectlysunny dayor adaywith onecloudlocatedata known position.

5.3.1 Minimizing the Total Time (no clouds)

In this sectionwe considerthe problemof minimizing the total time of the racegiven its length. Using the
governingequations(5.1),we arriveat thefollowing problem:ä¾ v á t {��Ñm�Ö ã �aÖ � �_�(s'p (5.2)äå v ��p (5.3)

with conditions

¾]mHn Ê s¥v ¾ Ê på mHn Ê s¥v wzp
¾]moæÂs¥v wzpå moæÂs¥v çUp

whereæ denotestheendtime which we shouldminimize,and ç denotesthe lengthof therace.Notice that the
energy mustbezeroat theendof therace;if it is greaterthanzero,wecouldhaveracedfaster.

In theabove problem,we have two state-variables¾ and å , andonecontrolvariable� . Theoptimalcontrol
can be found using the Pontryaginmaximumprinciple [3], [4]. In order to useit, we shouldfirst set up the
Hamiltonian.Equations(5.2),(5.3) imply thatè mo�up'n�s	v � �a³ ¹ m á t mon�s�{��>m'Ö ã �aÖ � �@�@sMs>�a³ � �

Applying theorem(1) in AppendixA, we getthefollowing:ä³ ¹ vaw�p ä³ � vYw
and è mo�>é�mHæ²s�p�æ²sÀvaw�p è mo�>é�mHn�s'p�n�s�v�{

ê
ë
� è� n mo�>é�mHìÀs'p�ìÀs

¬ ì (5.4)



56
ß

CHAPTER5. SOLAR CAR RACING STRATEGIES

where� é mHn�s denotestheoptimalspeed.Thefirst two equationsimply ³ ¹ and ³ � areconstants,thus íFîí ë v�³ ¹(ïfðï ë .
So,theintegral in theequation(5.4)canbecalculatedè mH� é mon�s�p�n�s�v�{É³ ¹ m á tOmoæÂsu{ á tOmon�sMs

This impliesthat ³ ¹ á mHæÂs	v�³ ¹ �Ñm�Ö�ãÓ�aÖ � �_�(s�{ � {�³ � �
Note that the left handsidedoesnot dependon n , so the right handsideshouldalsobe independentof n .

Therefore,the speed� shouldbe a constant.Having a constantoptimal speed,we canintegrateequation(5.2)
directlyandfind that

¾�mHn�s�v
ë
ëoñ
á t mHìÀs ¬ ì�{��>m'Ö ã �aÖ � �_�(sHn¢�a¾ Ê

A constantspeedalsoimplies that å v�n�� , andapplyingtheendcondition ¾]moæÂs�v�w , we get thefollowing
nonlinearequationfor � . ò ó

ë ñ
á t mHìÀs ¬ ì�{�çXm�Ö ã �aÖ � �_�@sÑ�`¾ Ê vaw

Solvingthisequationgivesustheoptimalspeed� é for theminimumtime problem.

5.3.2 Maximum DistanceProblem(No Clouds)

Now we changeour objective from minimumtime to maximumdistance.Theendtime æ in this casein known
andfixed.Theproblemitself lookssimilar to thepreviousone:ä¾ v á t {��Ñm�Ö ã �aÖ � �_�(s'p (5.5)äå v ��p (5.6)

with conditions

¾]mon Ê s´v ¾ Ê på mon Ê s´v w�p
¾]mHæÂs¥v w�på mHæÂsô{ �(i µ�µ p

Again,we usethePontryaginmaximumprincipleto find theoptimalspeed[3], [4]. TheHamiltonianin this
caseis: è mH��p�n�s	v�{¢�Â�a³ ¹ m á t mHn�s>{��Ñm�Ö ã �`Ö � �_�(s�s>�a³ � �

We applytheorem(2) in AppendixA to obtain ä³ ¹ v wzpä³ � v wzp
³ ¹ moæÂs¥v wzp
³ � moæÂs¥v wz�

This impliesthat ³ ¹ and ³ � arezero.So,theHamiltonianbecomesè mo�up'n�s	v�{¢� (5.7)

Theorem(2) alsostatesthat the optimal speed� é mHn�s shouldminimize the Hamiltonian. Thereforeequation
(5.7) implies that � é shouldbe the largestconstantin the admissibleset. As in the previous section,we can
integratetheequation(5.5) for ¾ directly

¾�mHn�s�v
ë
ëoñ
á t mHìÀs ¬ ì�{��>m'Ö ã �aÖ � � � sHn¢�a¾ Ê
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Figure5.2: Cloudover thetrack.

Applying theendcondition,we getthefollowing cubicequationfor � .ê
ë ñ
á t mHìÀs ¬ ì�{��>m'Ö ã �aÖ � �_�(sHæ��a¾ Ê v`w

Thisequationhasonly onerealroot,which givesustheoptimalspeed.

Equivalenceof the minimum time and the maximum distanceproblems

As you cansee,both problemsgive a constantspeedas the optimal strategy. This makesthesetwo problems
equivalent in the following way. Given a distanceç , we can solve the minimum time problemand find the
minimumtime æ �|üþý . Then,solvingthemaximumdistanceproblemwith thefixedtime æÒvUæ �|üHý , weobtainthe
maximumdistanceç �|�&ÿ v�ç . This equivalencecanbeseenfrom thefollowing simplerelation: å v��(n .
5.3.3 Racewith a SingleCloud

The minimum time problemwe solve in this sectionconsidersa singlecloud startingat å v å ¹ andendingatå v å � (Figure5.2). In thiscase,dueto thecloud,theenergy from thesundecreases.In orderto find theoptimal
speed,we usedthefollowing idea.Assumethecar is beforeor after thecloudyperiod.Then,we have thesame
energy input asin theproblemwithout thecloud.Fromthepreviousanalysis,we know theoptimalstrategy is to
racewith a constantspeed.Thesamestrategy canalsobe implementedin the region underthecloud,sincethe
power is scaled. á mHn�s�v

á t*mHn�s w ¿ n ¿ n ¹ pwz� ��Þ á t�mon�s n ¹ ¿ n ¿ n � pá t*mHn�s n � ¿ n ¿ æ�p
wheren ¹ andn � arethetimesthecarentersandleavesthecloudyregion,respectively.

Denotingthe speedin eachof the regionsby � ¹ p�� � p��:Ú , the dynamicsof the systemcanbe written in the
following way: ä¾Ýv á t {�� ¹ m�Ö ã �`Ö � � � ¹ säå vY� ¹ p whereå ��� w�p å ¹�� � (5.8)

ä¾Ýv ¹� á t {�� � m�Ö ã �aÖ � � �� säå vY� � p whereå ��� å ¹ p å � � (5.9)

ä¾Ýv á t {��:Ú(m�Ö ã �`Ö � � �Ú säå vY�:Ú:p whereå ��� å � p�ç � (5.10)

Theboundaryconditionsare ¾]m­wus	v�¾ Ê p ¾]mHæ²s	v`w (5.11)

If we know the energy in the batteryat times n ¹ and n � , we cancalculatethe total time æ by solving one
minimumtime problemperregion. In this way, thetime æ becomesa functionof ¾ ¹ v ¾�mHn ¹ s and ¾ � v�¾]mon � s .
Theobjective is to find anoptimalstrategy suchthatthetotal time æ is minimized.Thus,theproblemof finding
a minimumtime canbeformulatedasanoptimizationproblemof this form:

�
	��
 Ù ¨ 
 Û æ �F� nq� w ¿ ¾ � ¿ ¾ ¹ ¿ ¾ Ê � (5.12)
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5.4 Numerical Results

We usethe approachdevelopedin the previous sectionto computethe optimal speedandenergy profiles for
variousracingconditions.To make resultscomparable,an initial energy of Þzy���rOi wasusedfor all numerical
computations.Sinceit hasbeenshownthattheminimumtimeandthemaximumdistanceproblemsareequivalent,
thecalculationsfocuson minimizing racingtimeusingafixeddistanceof Ï�w:w�y�� .

TheresultswerecalculatedandvisualizedusingthesoftwarepackageMatlab. Thefollowing Matlabsubrou-
tineswereusedduring the computationof the optimal speedprofile: fzero andfmincon. Informationon these
routinescanbe foundat http://www.mathworks.com/access/helpdesk/help /toolbox /optim /optim.shtml. The
routinesdevelopedfor this project,alsowritten in Matlab,canbefoundin AppendixB.

Underclearsky conditionsit wasfoundthattheoptimalracingspeedis � é v�Ð&à�� Î�y��YÜ:r:i . Thecorresponding
energy dissipationprofileasafunctionof timeis shown in Figure5.3.An interestingquestionarisesasto how the
optimal racingspeedvariesasa functionof theracelength;thesenumericalresultsareillustratedin Figure5.4.
As expected,this is a decreasingfunction,but oneshouldalsonotethatit is nonlinear.

Whenconsideringa racewith a singlefixed cloud, the solarpower profile changesdueto the cloud andis
illustratedin Figure5.5. Thereareseveral importantfactsillustratedin the cloudy day optimal speedprofile;
Figure5.6. Note that thespeedprofile in this caseis piecewiseconstantandthat thespeedis thehighestunder
the cloud. This suggeststhat oneshouldalwaystry to “outrun” a cloud. The energy profile is consistentwith
expectationsandis illustratedin Figure5.7.
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Figure5.3: Energy dissipationfor sunny dayrace.

5.5 Conclusion

In this paper, optimal racingstrategieshave beendevelopedfor solarcarracesof varioustypes.For idealracing
conditionsinvolving flat terrainandnocloudcover, it hasbeenshown thatmaintainingaconstantspeedthrough-
out theraceis theoptimalstrategy for boththemaximumdistanceandtheminimumtimeproblems.In fact,these
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two racingobjectiveshave beenshown to beequivalent.Sincepoorweatheris a constantconcernfor carsutiliz-
ing solarpower, optimalstrategiesmustalsobedevisedfor racessubjectto cloudyconditions.In thesimplified
case:given a singlefixed cloud, the optimal speedprofile is piecewise constant,with the greatestspeedbeing
achievedwhile traversingtheportionof roadunderthecloud. While theracingconditionsconsideredheremay
besimplifiedversionsof theactualenvironment,themodelis ausefultool for determiningoptimalstrategiesover
variousportionsof otherwisemorecomplicatedenvironment.

5.6 Futur e Work

In actualraces,numerousroad,terrain,andweatherconditionsimpacttheselectionof anoptimalstrategy. Some
of themostcritical concernsarethepossibilityof multi-dayraces,sporadiccloudcover, andnon-level landscape.
Sincemulti-dayracesaresimply a combinationof single-dayraces,themodelcanbeeasilyextendedto account
for the possibility of racingover several days. Likewise, the generalizationto multiple fixedcloudsis straight-
forward, andextendingthe algorithmto considersporadiccloud cover would involve the implementationof a
stochasticelement.Oneof thenon-trivial extensionsinvolvestopographyof theraceway; while our assumption
of no-costaccelerationis valid for the flat terrainconditions,the inclusionof an accelerationterm in the power
balancebecomesnecessaryfor non-level road.

Thusfar, theimplicationhasbeenthatall strategic decisionsaremadeprior to racetime;however, in actuality,
themostsuccessfulracingstrategieswill bethosewhichcanbeadaptedin realtimeto accountfor variousterrain
andweatherconditionsasthey appear. The implementationof this dynamicalprogrammingapproach,together
with extensionsaccountingfor varyingweatherandlandscapein theexistingmodel,shouldprovideamorerobust
optimalstrategy.
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Appendix A: Theorems

Theorem1 The Minimum Principle: Time-dependent Problem (Fixed End Point)
Let � é mon�s beanadmissiblecontrol which transfers m�� Ê p�n Ê s to �`v���� ¹���� moæ ¹ p�æ � s . Let � é mHn�s bethetrajectory

correspondingto � é mon�s , originating at m�� Ê p'n Ê s , andmeeting� for thefirst timeat n ¹ [that is, � é mHn ¹ s�v � ¹ ]. In
order that � é mon�s beoptimal,it is necessarythat thereexist a function ! é mHn�s such that:

1. ! é mon�s correspondsto � é mHn�s and � é mHn�s sothat ! é mHn�s and � é mHn�s are solutionsof thecanonicalsystem

��é�mHn�s v
� è� ! � �ÓéFmon�s�p"!�é�mHn�s'p"�Éé�mon�s�p�n �

!�é�mHn�s v {
� è� � � ��é�mHn�s'p"!¢é�mHn�s'p"�Éé�mon�s�p�n �

satisfyingboundaryconditions
��é�mHn Ê s�v#� Ê ��é�mHn ¹ s	v$� ¹

2. Thefunction
è � � é mon�s�p%! é mon�s�p%��p�n � hasan absoluteminimumasa functionof � over & at �Ýv � é mon�s for n

in � n Ê p�n ¹'� ; that is, �
	��(�)+* è � ��é�mon�s�p"!�é�mHn�s'p"��p�n � v è � �ÓéFmon�s�p"!�é�mHn�s'p"�Éé�mon�s�p�n �
or, equivalently,

è � � é mHn�s'p"! é mHn�s'p"� é mon�s�p�n � ¼ è � � é mHn�s�p%! é mon�s�p%��p�n � for all � in &
3. Thefunction

è � � é mon�s�p%! é mon�s�p%� é mHn�s�p'n � satisfiestherelations

è � � é mHn�s'p"! é mHn�s'p"� é mHn�s'p�n � v�{
ë Ù
ë
� è� n � � é mHìÀs�p%! é mHìÀs�p%� é mHìÀs'p�ì �

¬ ì
è � ��é�mHn ¹ s�p"!�é�mon ¹ s�p%��é�mHn ¹ s�p'n ¹'� vaw

Theorem2 The Minimum Principle: Fixed-terminal-time Problem
Let � é mon�s beanadmissiblecontrol which transfers m,� Ê p�n Ê s to:

a. Thetargetset �`v���� ¹��-� ��n ¹�� or

b. Thetargetset �`v � ¹.� �fn ¹�� or

c. Thetargetset �`v^j ý � �fn ¹��
Let � é mHn�s bethetrajectorycorrespondingto � é mHn�s , originating at m,� Ê p�n Ê s , andmeeting� at n ¹ . In order that

� é mHn�s beoptimal,it is necessarythat there exist a function ! é mHn�s such that:

1. ! é mon�s correspondsto � é mHn�s and � é mHn�s sothat ! é mHn�s and � é mHn�s are solutionsof thecanonicalsystem

��é�mHn�s v
� è� ! � �ÓéFmon�s�p"!�é�mHn�s'p"�Éé�mon�s�p�n �

! é mHn�s v {
� è� � � � é mHn�s'p"! é mHn�s'p"� é mon�s�p�n �

satisfyingboundaryconditions

(i) � é mHn Ê s	v$� Ê � é mHn ¹ s	v$� ¹
(ii) � é mHn Ê s	v$� Ê � é mHn ¹ s � � ¹
(iii) � é mHn Ê s	v$� Ê � é mHn ¹ s free
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according to thetarget set, � is of theform(a),(b),or (c).

2. Thefunction
è � � é mon�s�p%! é mon�s�p%��p�n � hasan absoluteminimumasa functionof � over & at �Ýv � é mon�s for n

in � n Ê p�n ¹'� ; that is, �
	��(�)+* è � ��é�mon�s�p"!�é�mHn�s'p"��p�n � v è � �ÓéFmon�s�p"!�é�mHn�s'p"�Éé�mon�s�p�n �
or, equivalently,

è � � é mHn�s'p"! é mHn�s'p"� é mon�s�p�n � ¼ è � � é mHn�s�p%! é mon�s�p%��p�n � for all � in &
3. Thevector ! é mHn ¹ s is:

(i) Transversal to � ¹ at � é mHn ¹ s
(ii) Zero vector;that is, ! é mHn ¹ s�vYw

according to theset, � is of theform (b) or (c).

Appendix B: Optimal SpeedAlgorithm

Thescriptsandfunctionscreatedto calculatetheoptimalspeedprofilehavebeenseparatedinto two sections:No
CloudsOver theTrackandOneCloudOver theTrack. Thefirst assumesthereareno clouds,so theamountof
energy collectedby thesolarpanelsis only affectedby the time of day. Thesecondassumesthereis onecloud
over theracecourse,andits positionis known andfixed.

No Clouds Over the Track

In this section,the raceis assumedto be “ideal”. Ideal is definedin the following way: thereareno cloudsto
diminish the energy available to the solarcar’s collectorand the energy requiredto acceleratethe solarcar is
negligible, implying a level racetrack. The subsectionsincludethe necessaryMatlab m-files to computeand
visualizethe optimal speedprofileswith theseassumptions.The codesegmentsareorganizedin the following
way:

ScriptsandFunctions

en plot.m — script: calculatesoptimalspeedandplotsresults.

set vars.m — script: setsglobalvariablesfor importantconstants.

eq fun.m — function: calculatesenergy givena velocity.

int power.m — function: calculatesenergy collectedby thesolararray.

array power.m — function: calculatespowergeneratedby thesolararray.

energy.m — function: calculatesenergy givena racetime.

en plot.m

% Thisscript calculatesoptimalvelocityfor a racewith no hills, no clouds.
clear;clc;closeall;

% initializing physicalparameters
set vars;
% findoptimalv st. v=constantandE(T) ¡ 0
V=fzero(@eq fun,20);
% total timerequiredto finishtheracein hours
T=X/V/3600;
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% results
% ——————————————————————————–
% optimalvelocity
� ’optimal velocity= ’, V*3.6, ’km/hr’ �
% energydissipationplot
dt=0.5;t=t0+dt:dt:T+t0;
y=energy(t);
plot(t,y)
ylabel(’Energy (w hr)’)
xlabel(’RaceTime(hrs)’)
title(’Energy DissipationDuring theRace’)

set vars.m

% Thisfunctionsetsglobal variablesfor variousphysicalparameters
clear;clc;closeall;

% settingglobalvariables
globalalpha;
globaltau;
globalCf;
globalCa;
globalX;
globalE0;
globalt0;
globalV;

% variablesusedfor solar power, friction anddrag coefficient,andraceparameters
alpha=0.2; % exponentin array powerfunction
tau=0.4; % Parameterin array powerfunction

Cf=36.787; % Cf=m*g*Cr; m=250(kg),g=9.81(m/s 2̂), Cr=0.005*3
Ca=0.0579; % Ca=0.5*rho*A*Cd; rho=1.22(kg/m 3̂), A=1(mˆ2), Cd=0.095

X=600e3; % lengthof onedayrace(m)
E0=5e3; % initial energy in battery(watt*hr)
t0=6; % start of race(hr)

eq fun.m

functiony=eq fun(v)
% functiony=eq fun(v)
%
% calculatesenergygivena velocity;routineis usedin conjuctionwith
% fzero to find theoptimalvelocitygiventhat y(T)=0 andv=const.
%
% Inputs:
% v - solarcar velocity
%
% Outputs:
% y - amountof energycreatedanddissipatedwhile racing
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globalt0; % initial racetime
globalX; % lengthof race
globalE0; % initial energy in battery
globalCf; % friction coefficientfor solar car
globalCa; % drag coefficientfor solar car

% unit change(secondsto hours)
unit = 1/3600;

% energybalance:
% y = energystored+ energycollectedfromsun- energyusedto race
y = E0+ int power(t0,X./v*unit+t0)- X.*(Cf+Ca.*v.ˆ 2)*unit;

int power.m

functiony=int power(t i,t f)
% functiony=int power(t i,t f)
%
% calculatesenergycollectedby thesolararray fromt i to t f
%
% Inputs:
% t i - initial timeof dayin hours: range6 ¿ t ¿ 18
% t f - final timeof dayin hours: range6 ¿ t ¿ 18
%
% Outputs:
% y - amountof energycollectedfromt i to t f
%
% Note:
% t i ¿ t f andcanbevectors

% initializing array
y=zeros(1,length(tf));

% takinginto accountt i andt f canbevectors
for k=1:length(t f)

% calculatingtheintegral of thearray power
y(k)=quadl(@arraypower,t i,t f(k));

end;

array power.m

function[Pa h,Pa n]=array power(t)
% function[Pa h,Pa n]=arr ay power(t)
%
% calculatespowergeneratedby thesolararrayat a specifictimeof day
%
% Inputs:
% t - timeof dayin hours: range6 ¿ t ¿ 18 � t canbea vector�
%
% Outputs:
% Pa h - powergeneratedwhilecar is racing � array is not perp. to sun�
% Pa n - powergeneratedwhilecar is recharging � array is normalto sun�



66
�

CHAPTER5. SOLAR CAR RACING STRATEGIES

globalalpha;
globaltau;

% definingphysicalconstants
phi=0; % zenithangle
n=1; % dayof theyear
T=12; % noon(hr)
Pse=1376; % solar fluxoutsideof earth(w/mˆ2)
Ea=0.16; % solar cell efficiency(%16)
A=8; % solar arrayarea(mˆ 2)

% calculatingthepowergeneratedby thesolarcollector
% ———————————————————————–
% thetaanglewith respectto noon(maxsolarpower)
theta=pi/12*((t-T));
% solardeclination(dependson dayof theyear)
dels=-0.4093*cos((2*pi/365.24)*(n+10));
cos angle=sin(phi)*sin(dels)+cos(phi)*cos(dels)*cos(theta);
% amountof atmosphericinterference
AM=1./(cos angle+0.50572*(96.08-acos(cos angle)*180/pi). (̂-1.6364));

% solarflux collectedby arraywhile recharging � array is normalto sun�
Ps n=(Pse*tau. (̂(AM.ˆ alpha)/2));
% solarflux collectedby arraywhile racing
Ps h=(Pse*tau. (̂(AM.ˆ alpha)/2)).*cosangle;

% outoutpowerbyarraywhile recharging � array is normalto sun�
Pa n=Ps n*Ea*A;
% outoutpowerbyarraywhile racing
Pa h=Ps h*Ea*A;

energy.m

functiony=energy(t)
% functiony=energy(t)
%
% calculatesenergygivena racetime; routineis usedto confirmthat the
% final energyy(T) ¡ 0 andthat for t ¿ T theenergy is neverzero.
%
% Inputs:
% t - racetimeinterval6 ¿ ti ¿ 18 for all i’ s (canbea vector)
%
% Outputs:
% y - amountof energy in thebatteryat sometimet

globalt0; % initial racetime
globalX; % lengthof race
globalE0; % initial energy in battery
globalCf; % friction coefficientfor solar car
globalCa; % drag coefficientfor solar car
globalV; % optimalvelocity

% energybalance:
% y = energystored+ energycollectedfromsun- energyusedto race
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y = E0+ int power(t0,t)- V.*(Cf+Ca.*V.ˆ 2).*(t-t0);

OneCloud Over the Track

In this section,theraceis assumedto be“ideal”, but theno cloudassumptionis dropped.Ideal is definedin the
sameway asin the previous section. The energy requiredto acceleratethe solarcar continuesto be assumed
negligible. ThesubsectionsincludethenecessaryMatlabm-filesto computetheoptimalspeedprofiles.Thecode
segmentsareorganizedas:

ScriptsandFunctions

en plot2.m — script: calculatesoptimalspeedandplotsresults.

set vars2.m — script: setsglobalvariablesfor importantconstants.

eq fun2.m — function: calculatesenergy givena velocity.

int power.m — function: calculatesenergy collectedby thesolararray.

array power.m — function: calculatespowergeneratedby thesolararray.

energy2.m — function: calculatesenergy givena racetime.

get time.m — function: calculatesthetime it takesto covera setdistance.

total t.m — function: calculatestotal time neededto finish therace.

en plot2.m

% script calculatesoptimalvelocityfor a racewith no hills, andonecloud.
clear;clc;closeall;

% initializing physicalparameters
set vars2;
% findoptimalv st. v=piecewiseconstantandE(0)§ E(1)§ E(2)§ E(T)=0.
E=fmincon(@total t,[3000;2000],[-11;1 0],[0;El],[],[],[0;0],[ El;El]);

% results
% ———————————————————————————————
% optimalvelocity
v0=X0/t1/3600;
v1=(X1-X0)/t2/3600;
v2=(Xt-X1)/T/3600;
� ’optimal velocities= ’, v0*3.6, ’km/hr’, v1*3.6, ’km/hr’, v2*3.6, ’km/hr’ �
% speedprofileplot
dt=0.05;
figure(5.1);
plot([0;X0],[v0;v0],[X0;X1],[v1;v1],[X1;Xt],[v 2;v2]);

% energydissipationplot
figure(2);
holdon
t=th:dt:t1+th;
V=v0;
E0=El;
t0=th;
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Coef=1;
plot(t,energy2(t));

t=t1+th:dt:t2+t1+th;
V=v1;
E0=E(1);
t0=th+t1;
Coef=0.25;
plot(t,energy2(t));

t=t2+t1+th:dt:T+t2+t1+th;
V=v2;
E0=E(2);
t0=th+t1+t2;
Coef=1;
plot(t,energy2(t));
holdoff;

set vars2.m

% Thisscript setsglobal variablesfor variousphysicalparameters
clear;clc;closeall;

globalalpha;
globaltau;
globalCf;
globalCa;
globalX;
globalE0;
globalt0;
globalV;
globalEf;
globalEl;
globalX0;
globalX1;
globalXt;
globalth;
globalCoef;
globalt1;
globalt2;
globalT;

% variablesusedfor solar power, friction anddrag coefficient,andraceparameter
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alpha=0.2; % exponentin array powerfunction
tau=0.4; % Parameterin array powerfunction

Cf=36.7875; % Cf=m*g*Cr; m=250(kg),g=9.81(m/s 2̂), Cr=0.005*3
Ca=0.05795; % Ca=0.5*rho*A*Cd; rho=1.22(kg/m 3̂), A=1(mˆ2), Cd=0.095

X=600e3;Xt=X; % lengthof onedayrace(m)
X0=200e3; % beginningpositionof thecloud
X1=250e3; % endpositionof cloud
E0=5e3;El=E0; % initial energy in battery(watt*hr)
t0=6;th=t0; % start of race(hr)
Coef=1; % start with nocloud(ie. 100%power)

eq fun2.m

functiony=eq fun2(v)
% functiony=eq fun(v)
%
% calculatesenergygivena velocity;routineis usedin conjuctionwith
% fzero to find theoptimalvelocitygiventhat y(T)=0 andv=const.
%
% Inputs:
% v - solarcar velocity
%
% Outputs:
% y - amountof energycreatedanddissipatedwhile racing

globalt0; % initial racetime
globalX; % lengthof race
globalE0; % initial energy in battery
globalCf; % friction coefficientfor solar car
globalCa; % drag coefficientfor solarcar
globalEf; % amountof energy in thebattery
globalCoef; % powerfromthesundependson cloudcover

% unit change(secondsto hours)
unit = 1/3600;

% energybalance:
% y = energystored+ energycollectedfromsun- energyusedto race
y = E0 - Ef + Coef*int power(t0,X./v*unit+t0)- X.*(Cf+Ca.*v.ˆ 2)*unit;

int power.m

functiony=int power(t i,t f)
% functiony=int power(t i,t f)
%
% calculatesenergycollectedby thesolararray fromt i to t f
%
% Inputs:
% t i - initial timeof dayin hours: range6 ¿ t ¿ 18
% t f - final timeof dayin hours: range6 ¿ t ¿ 18
%
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% Outputs:
% y - amountof energycollectedfromt i to t f
%
% Note:
% t i ¿ t f andcanbevectors

% initializing array
y=zeros(1,length(tf));

% takinginto accountt i andt f canbevectors
for k=1:length(t f)

% calculatingtheintegralof thearraypower
y(k)=quadl(@arraypower,t i,t f(k));

end;

array power.m

function[Pa h,Pa n]=array power(t)
% function[Pa h,Pa n]=arr ay power(t)
%
% calculatespowergeneratedby thesolararrayat a specifictimeof day
%
% Inputs:
% t - timeof dayin hours: range6 ¿ t ¿ 18 � t canbea vector�
%
% Outputs:
% Pa h - powergeneratedwhilecar is racing � array is not perp. to sun�
% Pa n - powergeneratedwhilecar is recharging � array is normalto sun�
globalalpha;
globaltau;

% definingphysicalconstants
phi=0; % zenithangle
n=1; % dayof theyear
T=12; % noon(hr)
Pse=1376; % solar fluxoutsideof earth(w/mˆ2)
Ea=0.16; % solar cell efficiency(%16)
A=8; % solar arrayarea(mˆ 2)

% calculatingthepowergeneratedby thesolarcollector
% ———————————————————————–
% thetaanglewith respectto noon(maxsolarpower)
theta=pi/12*((t-T));
% solardeclination(dependson dayof theyear)
dels=-0.4093*cos((2*pi/365.24)*(n+10));
cos angle=sin(phi)*sin(dels)+cos(phi)*cos(dels)*cos(theta);
% amountof atmosphericinterference
AM=1./(cos angle+0.50572*(96.08-acos(cos angle)*180/pi). (̂-1.6364));

% solarflux collectedby arraywhile recharging � array is normalto sun�
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Ps n=(Pse*tau. (̂(AM.ˆ alpha)/2));
% solarflux collectedby arraywhile racing
Ps h=(Pse*tau. (̂(AM.ˆ alpha)/2)).*cosangle;

% outoutpowerbyarraywhile recharging � array is normalto sun�
Pa n=Ps n*Ea*A;
% outoutpowerbyarraywhile racing
Pa h=Ps h*Ea*A;

energy2.m

functiony=energy2(t)
% functiony=energy(t)
%
% calculatesenergygivena racetime; routineis usedto confirmthat the
% final energyy(T)¡ 0 andthat for t ¿ T theenergy is neverzero.
%
% Inputs:
% t - racetimeinterval6 ¿ ti ¿ 18 for all i’ s (canbea vector)
%
% Outputs:
% y - amountof energy in thebatteryat sometimet

globalt0; % initial racetime
globalX; % lengthof race
globalE0; % initial energy in battery
globalCf; % friction coefficientfor solar car
globalCa; % drag coefficientfor solarcar
globalV; % optimalvelocity
globalCoef; % powerfromthesundependscloudcover

% energybalance:
% y = energystored+ energycollectedfromsun- energyusedto race
y = E0+ Coef*int power(t0,t)- V.*(Cf+Ca.*V.ˆ 2).*(t-t0);

get time.m

functiony=get time(x,t,E)
% functiony=get time(x,t,E)
%
% Inputs:
% x - distance
% t - time
% E - energy
%
% Outputs:
% y - total time

globalV;
globalEf;
globalE0;
globalX;
globalt0;
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E0=E(1); % initial energy
Ef=E(2); % final energy
t0=t; % time
X=x; % distance

% findstheoptimalspeedtakingan intial guessof 20m/s
V=fzero(@eq fun2,20);

% total timerequiredto finishtheracein hours
y=X/V/3600;

total time.m

functiony=total t(E)
% functiony=total t(E)
%
% Input:
% E - energy
%
% Output:
% total time

globalX0;
globalX1;
globalXt;
globalEl;
globalth;
globalCoef;
globalt1;
globalt2;
globalT;

% calculatesthetimerequiredto run first segment(nocloud)
t1=get time(X0,th,[ElE(1)]);

% calculatesthetimerequiredto run secondsegment(cloud)
Coef=0.25;
t2=get time(X1-X0,t1+th,E);

% calculatesthetimerequiredto run third segment(nocloud)
Coef=1;
T=get time(Xt-X1,t2+t1+th,[E(2)0]);

% total time
y=100*(t1+t2+T);
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Chapter 6

Converting Machine Tool Measurements
into a CAD Model

Participants: RobertPich́e (Mentor),SametKadioglu,Lin Zhou,Ying Han,TzvetalinVassilev, ThalyaBurden,
XinghuaDeng.

PROBLEM STATEMENT: For amachinetool remanufacturer, thegeometricdataof old machinesareneededin
aCAD packageto rebuild themachine.Measuringdata“by hand”is timeconsuminganderrorprone.Therefore,
our taskis to designanalgorithmto translatemeasurementdatafrom aportablearticulatedmeasurementarminto
a solid modelwhich canbe understoodby a CAD package.The arm canprovide global locationsof pointsin
space.Theorientationof thearmis alsoavailableto determinetheoutwarddirectionof themeasuredsurface.
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6.1 Intr oduction

Theproblemwasintroducedby a machinetool remanufacturer. They rebuild andmodify existing machinetools,
incorporatingnew technologyto meetcustomerrequirementsat significantlylowercostthannew machines.The
first stepin the machineredesignis to measurethe old machineandenterits geometryinto a CAD package.
Doing this “by hand” is time consuminganderrorprone.Theclient would like to developa methodto improve
this process.

The ideafrom the client is to usean articulatedmeasurementarm to substitutethe needfor a humanin the
measurement.Thereforeanalgorithmis neededto translatethemeasurementdatafrom thearminto asolidmodel
which canbeunderstoodby theCAD package.

Themachinepartswe aredealingwith arestaticandconsistof polygons,cylindersandcones.Therefore,in
orderto developanalgorithmto meettheclient’sneeds,we posedthefollowing questions:

1. Whatis theminimumnumberof pointsneededto definea plane?a cylinder?a cone?

2. How areedgesdefined?

3. Canadditionalpointsbeusedto improveaccuracy?

To simplify our problem,we have madethe following assumptions.First we assumethat theCAD package
hasthe capability to addandsubtractobjects. Thuswe canbegin by consideringconvex objectsonly. In this
manner, any non-convex objectcanbetreatedastheadditionor subtractionof aseriesof convex objects.Second,
from informationgatheredon theportablearticulatedmeasurementarm,we assumethat thearmhas5–6 levels
of freedom.Third, we supposethat,oncemeasurementsaretaken,a tentativesolid modelwill bedisplayedon a
laptopconnectedto themeasurementarm. Dueto this supposition,theoperatorwill beableto interactwith the
program.

We begin by providing solutionsto the threequestionsaforementioned.Oncethis is accomplished,we are
ableto constructanalgorithmto translatethemeasurementstakeninto amathematicaldescriptionthatcanthenbe
input into aCAD package.After wehavedefinedthealgorithm,wewill describevariousfeaturesof thealgorithm
andwaysit canbeimproved.Finally, wewill summarizeour projectandsuggestpathsfor futuredevelopment.

6.2 Minimum Number of Points

We begin by consideringthesimplestgeometricalobjectin question1, theunboundedplane.By definingthree
distinct points m å ¹ p'0 ¹ p�1 ¹ s , m å � p'0 � p�1 � s and m å Ú�p'0�Ú�p�1�Ú(s on the plane,the planecanbe determinedprovided the
pointsdo not lie alonga straightline (figure6.1). Theequationof theplaneis:

å { å ¹ 0Â{20 ¹ 1�{31 ¹å � { å ¹ 0 � {40 ¹ 1 � {31 ¹å Ú�{ å ¹ 0�Ú�{40 ¹ 1,Ú�{31 ¹ v`wz� (6.1)
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Figure6.1: 3-D planarsurface.

In addition,thearmhasorientation.Thus,theoutwardnormalof theplanecanbedetermined.Usingthis,we
candeterminein whatdirectionthemachinelies.
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For theunboundedright circularcylinder, threepoints,which lie alongthesideof thecylinder, arerequired
to definethe surface. For example,if we considera right cylinder along the 1 -coordinate,by ignoring the z-
coordinatesof thepoints,we canconstructa circle in the å 0 -planeandexpandit in the 1 direction(figure6.2).
For this case,sincethecircle is on the å 0 -plane,we have theequationm å { å Ê s � ��m50�{�0 Ê s � v^i � . Therefore
threepointsareenoughto determinethethreeparameters,thecenterm å Ê p'0 Ê s andradiusi .

z

y

x

C

BA

x

xx

Figure6.2: Unboundedright cylinderconstructedby threepoints.

For theunboundedright circularcone,we have thefollowing equation:

m å { å Ê sÃ����m�0Â{20 Ê s­�]v�6��_m'1�{71 Ê sÃ��� (6.2)

Wenoticethattheequationhasfour parameterså Ê , 0 Ê , 1 Ê and 6 . Therefore,werequireat leastfour distinctpoints
to definesuchanobject.

For generalunboundedquadraticsurfaces,we have thefollowing equationwith tenparameters

6 å ���$890¤���aÖ�1���� ¬ å 0 � µ 0:1��a� å 1��4; å �ar<0²�4=>1�� x vaw�� (6.3)

Thus,tendistinctpointsareneededto definethesesurfaces.

6.3 Defining Edges(Level SetMethod)

In orderto definethe solid object,we mustfirst find the edgesof the object. Most edgeson the machinetools
canbeidentifiedastheintersectionsof two planes,which is representedby a line. For example,if we definetwo
planesby their implicit functionsas � ¹ m å p�0>p�1_s$vÝw and � � m å p�0�p?1@s$vÝw , respectively, thenthe equationof the
edgeline canbeexpressedas: � ¹ m å p'0>p�1_s v`w� � m å p�0>p�1_s	v`wz� (6.4)

Oncethis is obtained,we musteliminateall extraneoussectionsof theplanes.Theintersectionline separates
eachplaneinto two half-planes.Onehalf-planecontainsthe measurementpoints taken by the arm, the other
half-planedoesnotcontainmaterial(metal).Thesectionwithout themesurementpointsis thesectionwewish to
eliminate.To provideamathematicalprocedureof decidingwhichpartof theplaneis unwanted,weborrow some
ideasfrom the“Level SetMethod” which is first introducedin [1] for interfacepropagation.Thepremisebehind
this procedureis illustratedby figure6.3. Considerplane1. Whenwe plug in any of themeasurementpointsof
plane1 into the implicit function � � m å p'0>p�1_s , we will obtaina number. If thenumberis positive, we will accept
thesignof � � aspositive; if thenumberis negative,wewill mutiply � � by { � . By thisconvention, � � will always
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bepositivefor theareaof plane1 wherethesolidobjectremainsandnegativeover theareawewish to eliminate.
Therefore,thepartof plane1 thatweeliminatesatisfies:

� ¹ m å p'0>p�1_s v`w� � m å p�0>p�1_s ¿ wz� (6.5)

Similarly, � ¹ m å p'0>p?1@s will changesignsasit crossestheintersectionalongplane2. This timethepartweeliminate
is: � � m å p'0>p�1_s v`w� ¹ m å p�0>p�1_s ¿ wz� (6.6)

Real solid object

Plane−1Plane−2

Unwanted parts

              Intersection line

of the planes

f2(x,y,z)=0 f1(x,y,z)=0

f1>0

f2<0

f2>0

f1<0

Figure6.3: Convex solidobjectconstructionby theLevel SetMethod.

Note that this methodwill work for convex objectsonly. In general,for the = ë · surfacewhich is definedby� ü m å p�0>p�1_s�v�w , we will eliminateall sectionssuchthat �?@*m å p'0>p�1_s ¿ w and � ü m å p'0>p�1_s|v^w . This procedurewill
give theedgesof thesolidobject.

Finally, theintersectionsof �?@*m å p'0>p�1_sBAaw will yield themathematicaldescriptionof thesolidobject.

6.4 UsingAdditional Points

Up to now, wehaveonly usedtheminimumnumberof pointsneededto defineeachsurface.To improveaccuracy,
wecanincludeadditionaldatapoints.In general,weapplyleastsquaresfitting to doso.Herewewill discussthe
applicationof thismethodto differentshapes.

For a planeperpendicularto oneof theaxes,theequationof theplanecanbesimply written asa functionof
onevariable,suchas å vC6 , 0avC8 or 1�vÝÖ . In this case,thedatawe have gatheredon this planehasonly one
coordinatethat is meaningful.Thentheconstantin theplaneexpressioncanbeobtainedby taking themeanof
thevaluesof thatvariable,which is equivalentto themethodof linearleastsquarefitting.

For any arbitraryplane,we mayusetotal leastsquarefitting, which is nonlinear. In this standardmethod,we
minimize the sumof theorthogonaldistancesfrom thesamplepointsto the plane. Thedistancefrom a sample
point m å ü p'0 ü p�1 ü to theplaneis expressedas:

¬ ü v � å ü �7DE0 ü �`kF1 ü �7GH � � �$D � �ak � (6.7)

wheretheplaneequationis � å �7DE0��akF1��$G�v`w . Thereforewe areactuallyminimizing
ýüJI ¹ ¬ � ü .

Theiterativeequationthatwe useto find theparameterKYv�m���p�D�p�kÓp�G�s is:

K�LNM ¹ vOK�L�{7PRQTS@mUK�L¤sUV�mUK�L¤s (6.8)

whereP mUK�s�v í ï+W È5X�Ëí+Y[Z is theJacobianof V�v m ¬ ¹ p ¬ � p����q�up
¬ ý s [2].
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Theiterative methodrequiresanapproximatesolutionto bean initial guess.This will beobtainedfrom any
threepointson theplane.In thismanner, Newton’smethodwill convergequickly to anexactsolution.

A methodsimliar to this canbeappliedto circlesin orderto improvetheaccuracy for cylindrical objects[2].
We definethedistancesthatwewish to minimizefor thecircleasfollows:¬ ü v]\%^�_�{$^ ü \À{�i (6.9)

wherê�_ is thecenter, i is theradiusof thecircle,and ^a` ü ��m�=Óv � p��q���up'b�s arethemeasuredpoints.Theiterative
methodwill be thesameasabove with theunknown parameterK v�m9^ _ p�izs . The initial guessin this casewill
beobtainedby fitting thedatato a circle usingtheminimizationof thealgebraicdistancemethod[3], which is a
non-iterativefitting.

                        

           

Solid Object

Figure6.4: Boundedreferencespace.

6.5 Algorithm

Usingtheinformationprovidedabove,wenow candescribethealgorithmto constructasolid convex object.We
begin by settinga maximumboundaryfor the object (figure 6.4). This boundarycanbe the sizeof the room
wherethe machineis located. With this convention, we eliminatethe needto considerunboundedsurfaces.
We thenprompt the operatorto usethe arm to mark a point asorigin. This will be usedto createour global
coordinatesystem.Input alsoincludesthetypeof surface(planar, cylindrical, conical).Oncethis informationis
obtained,thearm will measureat leasttheminimumnumberof datapointsneededto definethecorresponding
surfaceaswell as the surfaceorientation. Dependingon the surface,a subroutineis thencalled to determine
the equationof the surface. Oncea new surfaceis introduced,we identify all the intersectionsthat may result
betweenthis new surfaceandtheexisting surfaces.Thena subroutineis calledto definetheedgesandeliminate
theunwantedsectionsby the“LevelSetMethod”describedpreviously. After eachadditionof asurface,werepeat
this procedureuntil theoperatorindicatesthattheobjectis complete.Notethataftereachadditionof a surface,a
laptopconnectedto themeasurementarmwill displaythecurrentshapethathasbeenformed.In thismanner, the
operatorwill beableto detectany errorsmade,i.e. if theoperatorskipsmeasuringa particularsurface,heor she
will not geta solidobject.

Onceall subobjectsaredefined,theCAD packagewill mergethemto form thegeometryof themachinetool
beingmodelled.Theflow chartof thealgorithmis shown in figure6.5.

6.6 Conclusions

To summarize,wehaveaddressedbasicquestionsin orderto developanalgorithmwhichwill translatemeasured
dataobtainedfrom theportablemeasurementarminto aCAD model.Thealgorithmhasbeendescribedin detail.
Theideaof constructingaconvex solidobjectis basedonthe“LevelSetMethod”. To utilize additionaldatapoints
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  −Mathematical description of an object.

  −Repeat the procedure for all surfaces of the object

  −Maximum size for the bounded reference space 

and subtraction
CAD package construct the machine from the solid model by addition 

Output:

  −Call subroutine to identify intersections and find edges
  −Call subroutine to determine the equation of the surface
  −Obtain measurement data
Construction of Solid Model:

  −Data points and surface orientation
  −Type of surface

  −Point of Origin
Input:

Figure6.5: Flow chartof thealgorithm.

andimprove accuracy, the leastsquaretechniquesareused.Algorithmsfor theseleastsquarefitting procedures
arereadilyavailable.

6.7 Futur e Work

In orderto expandandimprove thesolutionto this problem,we suggestseveraldirections.First, thealgorithm
shouldbeimplementedin thework environmentin orderto determineits efficiency andaccuracy. Second,there
areseveral waysin which the algorithmitself could be improved. For example,it canbe extendedso that the
mathematicaldescriptionof non-convex objectsaredefineddirectly. Also, the algorithmmay be extendedto
includeothergeometricalsurfaces,suchassplines.In addition,fitting thedataof generalcylindersandconescan
beexplored.We alsosuggestthattheclient investigateothertechnologicaladvances.
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