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FOREWORD BY THE PIMS DIRECT OR

The annualPIMS Graduate Industrial Math Modelling Camp (GIMMC) is heldin oneof the PIMS univer
sities as part of the PIMS Industrial Forum. It is part of PIMS’ commitmentto providing training for young
mathematicascientistsvho areeitherpursingcareersn academiaor in industry

Thegoalof the GIMMC is to provide experiencan theuseof mathematicaimodellingasa problemsolvingtool
for graduatestudentsn mathematicsappliedmathematicsstatisticsandcomputerscience.ln additionto this it
helpspreparethemfor the Industrial Problem Solving Workshop which is the othercomponenbf the PIMS
IndustrialForum.

At the workshopstudentswvork togetherin teams,underthe supervisiorof invited mentors.Eachmentorposes
a problemarisingfrom anindustrialor engineeringapplicationand guideshis or herteamof graduatestudents
througha modellingphaseto aresolution.

The Sixth GIMMC washeld May 17-22,2003, at the Banff InternationalResearctStation(BIRS) in Alberta.
Thisyearit wasco-sponsoredy the Institutefor Mathematicsandits Applications(IMA).

Thereweresix problemsposedywith atotal of 33 studentsn attendanceThestudentsamefrom all acrossNorth
Americawith 17 from the United States.

My sincereappreciatiorand gratitudegoesto all the peopleinvolvedin this workshop,in particularl wish to
thankthe organiserdRachelKuske, Fadil SantosaJackMacki, Chris Bose,HuaxiongHuang,lan Frigaard)and
mentorg Emily Stone RichardBraun,SonjaGlavaski,David Misemer Fadil SantosaRobertPiché).

| look forwardto the2004GIMMC whichwill be heldatthe Universityof Victoria.

Dr. NassifGhoussoubDirector
Pacific Institutefor the MathematicalSciences



EDIT OR'S PREFACE

FromMay 17 throughMay 22,2003, thirty-threegraduatestudentsandsix mentorsgyatheredatthe Banff Interna-
tional Researclstation(BIRS) for the PIMS-IMA GraduatdndustrialMathematicaModelling Camp.Through
collaborationwith the Institutefor Mathematicsandits Applications(IMA) in Minneapolis,this yearbroughta
higherproportionof studentdrom US institutionstogethemwith their Canadiarcounterpartslt wasexciting to
bein the new facility in Banff andto be partof thefirst GIMMC workshopco-sponsoredvith thelMA. Sincethe
spacsis limited at BIRS, the sizeof the campwassmallerthanpreviousyears,andcompetitionfor participation
wastough. ThroughGIMMC andthe Industrial ProblemSolving Workshop,held the following week at Uni-
versity of Calgaryandalsoco-sponsorethy the IMA, the grouphadexcellentopportunitieso learnaboutmath
modellingin industryon bothsidesof theborder

Following the typical BIRS workshopschedulethe participantsarrived on Saturdayand settledin, with the
campofficially startingon Sundaymorning. Dueto a power outageduring thefirst of the presentationdy the
mentorstheformatof the campwasslightly alteredthis year During the first morningof the camp,the students
broke into their teamsand startedgettingtheir feet wet with the problems. This did not have animpacton the
selectionof the teams,sincethe teamswere decidedbeforethe campbegan. Whenthe mentorspresentedhe
problemsafterthe power hadreturnedthe groupshadalreadystartedo getinto their work.

Again this yearwe hada stellargroupof mentors,demonstratingheir excellencewell beyondthe actiities
of the camp. They calmly improvisedwhennecessargndgot their studentsolling right away. It takesa con-
siderableamountof judgementskill andeffort to comeup with goodproblemsfor the campandleadthe groups
throughthemundera compressedchedule.From SundaythroughWednesdayevening (late night?), the indi-
vidual workshopgroupsmet underthe guidanceof thesementors.Typical actwities during this periodincluded
shortlectureson backgroundmaterialfrom the mentors,digging into backgrounditerature, pencil and paper
calculationsandwork on the computers.By Thursdaymorningthe groupswerereadyto presentheir findings.
They gave their formal write-upsshortly afterthe workshop which appeamoreor lessasrecevedin therestof
this documentWhile this mayall soundfairly straightforward,in practiceit is anextremelyintenseweekfor all
concerned—studentmentorsandorganisers.The bestway to appreciatehis is to look at a few of the chapters
whichfollow, keepingin mind thatthey representhework of perhap$-6 graduatestudentshaving variedmath-
ematicalbackgroundsworking in groupswith someguidancefrom the academianentorover a periodof three
andahalf days.

A workshopof this size canonly be successfulvith the effort and skill of numerouspersonalitieoth on
stageandbehindthe scenesFirstly, let me thankthe mentors without whomtheir would be no GIMMC. They
were:

e Emily Stone(Utah StateUniversity, PCRAnNalysis)

RichardBraun(Universityof Delavare,Draining of Thin Films)

SonjaGlavaski (Honeywell, Controlof Hybrid Systems)

David Misemer(3M, PolymerPurification)

Fadil SantosdIMA/Uni versityof Minnesota,SolarCarRacing)

RobertPichée (TamperdJniversity of TechnologyFinland,MachineTool Measurements)

Someof thesenameswill be familiar to thosewho have beenfollowing pastPIMS industrial programmes
andindustrialproblemsolving workshopsin otherplaceswhile somewerefirst timers. All of the mentorsdid
outstandingwork bothleadingup to andduring the week; andwe cannot thankthemenoughfor their efforts.
Throughall their hardwork, we believe they enjoyed their mathematicallystimulatingweekwith the enegetic
studentdeams.

SecondlyI'd like to thankthe staf at BIRS, PIMS andthe IMA, who helpedin all of the organisatiorand
behindthe sceneswork. At BIRS the StationManagey Andrealundquist,andthe ComputerSystemsAdminis-
trator, Brent Kearng, wereinvaluable. This wasthe first workshopof this type hostedat BIRS, andthey were



always helpful, going above and beyond their usualdutiesto make surethe teamshad everythingthey needed.
Administratve andtechnicalmattersat PIMS were,asusual,expertly andcheerfullyhandledby DerekBideshi,
AndreaHook, HeatherJenkins SandyRutherfordandKelly Choo. The IMA staf provided expertassistancen
gettingthosefrom US institutionsacrosshe border sothatthis collaboratie effort appearedeamless.

Finally, | mustthankFadil Santosgagain);not only did he co-omganisethe workshop,but alsovolunteered
asa mentor Having organisedmary of thesetypesof workshopsatthe IMA, hewasa greatsourceof ideasand
experiencefrom startto finish.

RachelKuske, Editor
Departmentof Mathematics
University of British Columbia
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Chapter 1

ldentification of the Initial Concentration
of DNA In PolymeraseChain Reaction

Participants: Emily Stone(Mentor),KatharinaBaamannyasongJlin, SegueilLapin, Mingfei Li, Rongsond.iu,
Anuj Mubayi.

PROBLEM STATEMENT : IdahoTechnologydevelops,manuficturesandsellsthefastesthighest-qualityna-
chinesfor DNA analysisincluding DNA amplification,real-timethermogcling and SNP detection. DNA am-
plification is performedby PCR,a biochemicakeactionthatis acceleratedyy rapidtemperatureycling through
efficientheattransferby hotair to samplesontainedn microcapillarytubesor thin walledmicrocentrifugdubes.
Modelling of thereactionsof PCRwould helpIT optimizeit’s designsandpotentiallyleadto innovationin their
rapid PCRtechnology Thegoalof this projectis to understandhereactionsandthe engineeringnvolvedin IT's
family of devices,anddevelopmodelsof the biochemicafreactionsn the devicesthatcanbeparameterizeftom
IT data.



2 CHAPTER1. IDENTIFICATION OF THE INITIAL CONCENTRATION OF DNA IN PCR

1.1 Intr oduction

PolymeraseChain Reaction(PCR)is a powerful techniquefor amplificationof a target sequencef DNA. The
centralscientificfact which makes PCR so usefulis that the geneticmaterialof eachliving organism,whether
plant,animal,bacteriunor virus, possessesequencesf its nucleotidebuilding blocks(usuallyDNA, sometimes
RNA) that are uniqgueand specificto itself. Indeed,complex organismssuchas humanbeingspossessinique
DNA sequencethatdefineeachparticularindividual. Theseuniquevariationsmake it possibleto tracegenetic
materialbackto its origin andidentify with precisionwhatkind of organismit is. It oftencanbedeterminedf a
DNA sampleis a memberof a particularspecies.However, suchan investigationrequiresthatenoughDNA be
availablefor theanalysiswhich is wherePCRcomesinto play. PCRalsohasapplicationsn pathogerdetection
anddiseasaliagnosispothof which mayrequirethattheinitial amountof DNA presenin the samplebeknown,
hencethe term “quantitatve” PCR.ldaho Technology a compary basedn Salt Lake City, Utah, manufctures
deviceswhich automateguantitatve PCRto suchan extentthatnon-medicapersonnetanoperate¢hemin non-
laboratoryervironments.

PCRrequiresa templatemolecule(the DNA sampleto be copied)andtwo primer moleculesto begin the
copying process. The primersare shortchainsof four differentbasepairs that can selecta given sequencef
geneticmaterial. The four componenthasepairs are like bricks or building blocks that are usedto construct
geneticmolecules.

Thethreestepsof the PCRreactionare(Fig. 1.1):

1. Denaturation - the DNA is heatedo 95°C to renderit single-stranded.

2. Annealing - thetwo primersbindto thetwo endsof theappropriateomplementargtrandthetemperature
for this stepdepend®n the of sizeof the primerandits homologyto thetargetDNA.

3. Primer Extension - DNA polymeraseextendsthe primer by its polymeraseactvity. This is doneat a
temperatureoptimal for the particular polymerasethat is used; currently the most popularenzymefor
this stepis Taq Polymerasethe DNA polymerasefrom thermophilic (“heat-loving”) bacteriaThermus
aquaticus The extensionis performedat the high temperaturd2°C', which permitsselectve extensionof
thetametsequencesinceothersequencewill notform ontheir own at sucha hightemperature.

Thesestepsare repeated30 to 45 times. The reactionproducescopiesof the DNA templateessentially
exponentially and sinceeachcycle canrequireup to 5 minutes,a large quantity of DNA canbe producedfor
analysisin several hours. Idaho Technologyoffers devicesthat cancompletethe amplificationin aslittle as30
minutes.

In theory thequantityof DNA is increasingexponentiallyandonecanusethe so-called'famous”equatiorto
describehe process:

C, =2"Cy, (1.1)

whereCy andC,, aretheinitial andfinal concentratiorof DNA, andn is thenumberof cycles.Unfortunatelythe
above equationwvorksonly whenthe PCRis performedunderideal conditions.In practice thefinal concentration
of DNA variestypically after performing30 to 45 cycles,evenwhenthe initial concentration®f several DNAs
areidentical. Hence,the identificationof theinitial concentratiorof DNA is not straightforvard from the final
guantity

The goalof our work is to introduceandtestmodelsbasedon differentialequationghatallow usto identify
theinitial concentratiorof DNA.

The paperis organizedasfollows: in section1.2 we introducedifferentialequationghat describethe PCR
process.We will thenderive the logistic equationfrom these.Sectionsl.4 and 1.5 describesomeothermodels
which we studiedfor theidentificationof theinitial concentratioralongwith numericalresults.We thenpresent
in sectionl.6 someideasfor futurework.

1.2 The ODE Model for PCR

As we describedin the previous section,a cycle of PCR consistsof threesteps. In the denaturingstep, the
two strandsof the DNA moleculein the solution are separatednto single-strandedemplatesby raising the
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1.

DMA& is denatured, Primers attach
to each strand. & new DMA strand
is synthesized behind prirmers on
each ternplate strand.,

D region of Fterest,

L Y Y

2. 3. 4,

Another round: DNA is Another round: DN Another round: DNA is
denatured, primers are is denatured, primers denatured, primers
attached, and the are attached, and the are attached, and the
nurmber of DN, nurmber of DN& nurmnber of DRA
strands are doubled, strands are doubled, strands are doubled.

Figurel.1: PCRprocessteps

temperaturago 94°C anddisruptingthe hydrogenbonds. In the annealingstep, the solutionis cooleddown to
approximately60°C' to allow the primers,which are presentin high concentrationto hybridize with the single
strandedDNA. The primersare 20-30 nucleotideschain molecules. Oncethe primertemplateheteroduplg is
formed, it actsasthe initiation complex for the DNA polymeraseto recognizeand bind the wantedsequence
of the DNA strand. This stepis crucial for the specificity of the amplification: only thosemoleculesthat have
sequencesomplementaryo the primerswill be amplified. The last stepis a polymerizationreactionin which
the solutionis heatedagainto 70°C, which is the optimaltemperaturdor DNA Tag polymerase This enzyme
catalyseghe binding of complementaryucleotidego the templatein the directionthatgoesfrom the primerto
the otherend. Notice thatif this polymerizationproceededo its end,at the endof the third stepwe would have
twice asmary DNA moleculesaswe hadatthe beginningof stepl. Thesethreestepsconstituteonecycle of the
PCR.Thecyclesarerepeatech numberof times(30 to 45) by varying the temperaturén the solutionin sucha
way thatthe DNA moleculeghatweresynthesizedn a givencycle areusedastemplatesn the following cycle.
Hencewe getanextremelyefficientamplificationmechanisnfor DNA.
Wewill representhethreestepsof atypical cycle of PCRby reactionequations:

Step1:94°C
D HBog
Step2:60°C
s+pPBg
Step3:70°C

S+rR%D
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where

D: doublestrandedNA

S:singlestrandedNA

S': primedsinglestrandedDNA

R: resources

P: primer

FE;: efficiency of thefirst reaction

E;: efficiency of thesecondeaction

E3: efficiency of thethird reaction.

Now we introducethe law of massaction,which is thefundamentatlaw” of a chemicalreactionandwhich
describegherateat which chemicalswhetherarge macromoleculesr simpleions, collide andinteractto form
differentchemicalcombinations Supposdhattwo chemicalssayA andB, reactuponcollision with eachother
to form a productC,

A+BEC

The rateof this reactionis therate of accumulatiorof the product%. This rateis the productof the number
of collisionsper unit time betweernthe two reactantsandthe probability thata collision is sufficiently enegetic
to overcomethe free enegy of activation of the reaction. The numberof collisionsper unit time is takento be
proportionalto the productof the concentration®f A andB with a factorof proportionalitythatdependsn the
geometricakhape®f thereactanimoleculesandon thetemperaturef the mixture. Combiningthesefactorswe
have
A — kiaym 1.2)
dat ' '

The identificationof the above equationandthe reactionis calledthe law of massaction andthe constantk is
calledtherateconstanfor thereaction.

Accordingto the law of massaction,we will now derive five ordinary differential equationshasedon the
abore PCRreactionsHerewe do not considerthe reversereactions.

dp
==k 1.3
= 25D (1.3)
1 /
% — _kars (1.4)
d
& kosp o 2kd (1.5)
dt
ds’ ,
@ kosp — kars (1.6)
dt
dd ,
pri —ky$% + kars (1.7)

where

p=[P]: concentratiorof the primerin the solution

r=[R]: concentratiorof theresourcen the solution

s=[S]: concentratiorof singlestrandeddNA in the solution

s'=[S']: concentratiorof primedsinglestrandeddNA in the solution
d=[D]: concentratiorof the doublestrandedNA in thesolution

k1: rateconstanfor thefirst reaction

ko: rateconstanfor thesecondeaction

ks: rateconstanfor thethird reaction
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Thesedifferentialequationdor p,r,s,s’ andd canbe approximatedy mapswhich simplify the calculations.
For equation(1.3) we approximatelp with Ap = p,,+1 — p,. After multiplying the equationwith A¢, we getthe
map:

Pnt1 = Pn — k2Atsypy (1.8)

By usingthe samemethod we canderive all the mapsfor theproblem:

Tnt1 = Tn — ksAts)r, (1.9

Snt1 = Sp — ko Ats,p, + 2k1Atd, (1.10)
S’/ﬂ+1 =5, + ko Atsppn — ksAts)ry, (1.11)
dpi1 = dp — k1 Ats? + kzAts)r, (1.12)

The experimentaldatathat we useis producedby usingfluorescenenzymeghat are connectedo the am-
plified doublestrandedDNA. Therefore,the solutionfluorescedn proportionto quantity of the dDNA. Using
thatinformation, we cangeneratean amplificationcurve for the DNA sample(Fig. 1.2), wherethe intensity of
fluorescencaes plotted versesthe cycle number In a single cycle of PCR,we usestandardsampleshat have
known initial concentrationsf the DNA alongwith sampleghathave unknonvn concentrations.

10

0 5 10 15 20 25 30 35 40 45

Figurel.2: Amplification curve ( x-axis: cycle numbery-axisfluorescencéevel).

In orderto getthe wantedinitial value Cy, we canusethe “f amous”’model. For that, we needto determine
a reasonablelhresholdT" of the fluorescencédevel. The bestThresholdis the inflection point of the sample
amplificationcurve, sincewe areinterestedmostin the exponentialgrowing part of the amplificationcurve. In
the amplificationgraph,we getthenthe relevant cycle valuesof the differentstandardsfor which we have the
initial concentratiory. By plotting thesecycle valuesversughelogarithmof theinitial concentratiovalueswe
getaline (approximately)which s calledthe standad graph. Cy of the unknovn sampledatacanbe computed
by gettingthe cycle valueat theinflection point of the sampledatain theamplificationcurve andthenreadingCy
from this valueon thestandardyraph.Mentornote: Usingtheinflectionpoint of eat curvefor a thresholdis not
correct. Thethresholdusedin this calculationshouldbethe samefor all samplesn a givenrun.
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1.3 The Logistic Model

Thelogistic modelcanbederivedform themapsin the previoussection alongwith someadditionalassumptions.
First, we assumethat all initial double strandsare split into two single strands. This meanswe do not need
equation(1.10),andequation(1.12)canbewritten:

dpt1 =dy + k3At8;’l"n (1.13)

-1 L L L L L L L L 2 L L I I I I I I
0 5 10 15 20 25 30 35 40 45 0 5 10 15 20 25 30 35 40 45

Figure1.3: Logistic model(-)versusstandardiata(+)(left) andlogistic model(-)versussampledata(+)(right) of
datasetl by usingleastsquaremethod(x-axis: cycle number y-axis:fluorescenckevel).

Let'snow addequation(1.9)to equation(1.12):

dn+1 + Tn+1 = dn —+ rn. (114)

Thismeanghatd,, + r,, = K, whereK is aconstantHencer,, = K — d,,, andequation(1.12)becomes:
dpi1 = dp + ksAts) (K — dy). (1.15)

If we alsoassumehatall singlestrandss,, aretransformednto primedsinglestrandss!,, we seethats!, = 2d,,.
Thenequation(1.12)becomes:
dpy1 = dp + k3At2d, (K — dy,). (1.16)

which hastheform of alogistic map
Tpt1 = Tp + exn (K — xp) 1.17)

wheree is growth rateand K is the carrying capacity This modelis not realistic sincewe are making strong
assumptionshut it is morerealisticthanthe “famous”’model,in thatit yields saturationat large copy humbers.
Thesaturatioris dueto thelimited amountof resourcepresenin solution.

In orderto gettheinitial valueof the concentrationye mustfirst find the parameterge = k3At and K of
this equation.We presentwo waysto do this andcompareheresults. Thefirst approactusesthe leastsquares
methodto fit the datafrom the reactionto the modelequations By usinge = 2k3 At the equation(1.15)canbe
now written as:

dneK —ed? =dyy1 — dy (1.18)

This canalsobewrittenin matrix form:

AX = b, (1.19)
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dy —d?
whereA = : : , X = <Pf’),b - <dd2 *(1(11 ) andn is thecycle number
' ' > In, — Qp—1
dn—1 d%—l

Accordingto theleastsquaresnethodwe cansolve for X in thefollowing manner:

X = (AT A)"1 ATy, (1.20)

Fromhere wedesignat¢hesequencéy; }” , to representhefluorescencéevel datafrom thePCRreactions.
We designatehesequencdd; }1_, to betheapproximatedatafrom our model. Thematrices4 andb areformed
from the experimentaldata,and e and K arefound from the leastsquaredit. In orderto find dg, the initial
value, we minimize the function J(do) = /(3_;, |di — v:[?), with the found valuesof e and K. Fromthe
standardgraphformedfrom the datawith known initial concentrationsve cancomputeCy, which is theinitial
copy numberof DNA in our targetsamplefor a givend,. Tables1.1and1.2 show the valuesof the constants
e, k, theinitial valuedy andtheinitial DNA concentratiorC, of differentdatasets. The standard$ave known
initial value,while the sampleshave unknawn initial concentrationsf DNA.

| Dataset [ ¢ [ k | do | Co |
standardl | 0.0369 | 8.1473 0.0101 10°
standard® | 0.0378 | 8.2833 0.0048 10%
standard3 | 0.0429 | 7.9008 0.0013 103
standard} | 0.00592 | 6.6789 | 1.4725% 10~ ¢ 102
standarcs | 0.0914 | 4.5960 | 2.5558 « 10—° 10
standards | 0.2543 1.5449 | 1.1349 % 10~° 1
samplel | 0.0432 | 9.0478 0.0013 2.2016 % 103
sample2 0.0682 | 6.3617 | 5.5504 %« 10~° 16.3296

Tablel.1: Logistic model,datasetl.

| Data | e | k | Z0 | Co |
standardl | 0.4393 | 1.2197 | 2.9297«10~% | 107
standardd | 0.4219 | 1.3436 | 3.624x10~° | 10°
standard? | 0.4249 | 1.3670 | 4.3869 % 10—° | 10°
standardlO | 0.3706 | 1.4995 | 1.7405%10~° | 10*
standardl3 | 0.4293 | 1.3553 | 1.9073« 107 | 103
standardl6 | 0.4689 | 1.4026 | 7.1013% 107 | 102

Tablel.2: Logistic model,datase®.

Thesecondapproachusesanon-linearoptimizationmethod.We minimizetheerrorbetweertheexperimental
datay andthe modeldatad in orderto getthe bestconstantsWith this methodit is alsopossibleto gete, k& and
the initial concentration”;, simultaneously To this end, Matlab providesa function called fminseach, which
minimizesa givenfunction that dependson a finite numberof variables. After initializing d;, we getall the d;
(whichdependbn e andk) by iterationovern. Theerrorfunctionis:

N
J(ekydo) = (yi — di(e. k,do))?

i=1

wherethey;’s arethe normedexperimentabdata-pointaandthe d; areour generatednodelvalues.If we now use
J andaninitial guessof e andk for the Matlab functionfminseach, thenit will minimize the errorin orderto
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16 2

14r

1.2r

0.6

041

021

) R Y M S S A E

0 5 10 15 20

I I I I I I
2 4 6 8 10 12 14

Figure1.4: Left: logistic model(-) versusstandardiata(+)of samplerun from dataset?2 by usingleastsquares
method(x-axis: cycle number y-axis: fluorescencédevel). Right: standardine mappinginitial fluorescenceo
initial copy number(x-axis: log of Cy, y-axis: log of initial fluorescencéevel), usingknown standards.

Data e k To
datal samplel | 0.0458 | 8.9841 | 0.0013
data2 standardL | 0.5260 | 1.2097 | 0.0001
data2 standardd | 0.4416 | 1.3426 | 0.00001
data? standardlO | 0.3753 | 1.4954 | 10~°

Tablel.3: Logistic model

gete andk. We've performedcalculationdor severaldataset@ndplottedtheresultversusthe experimentaldata
(Fig. 1.3-1.4).Table1.3shavsthegeneratedaluesof e, k andzg by usingthe describedptimizationmethod.

It is alsopossibleto have fminseach find theinitial valuezq, aswell ase andk. Theresultsfor this optimiza-
tion areshavnin Fig. 1.5.

1.3.1 Analysisof the Logistic Model

We canestimateherangeof the parameteof thelogistic equatiorby doingsomeanalysison theequation:
dpt1 = dp + 2e1kdy, (k — dy /k) (1.22)

wherek = r,, +d,,.

The two equilibria of this discreteequationarez = 0 andxz = k. We first considercasex = 0. Let us
introducea = 2e1k, thenonecanshow thatthe equilibriumz = 0 is asymptoticallystablefor —2 < o < 0.
Sincee; > 0 andk > 0, thereforea hasto begreaterthan0. Hence,z = 0 is unstable.

Now, theequilibriumz = k isasymptoticallystablefor 0 < o < 2 (i.e.for0 < e;k < 1). Sofor0 < e;k < 1
every solutionwith initial conditioncloseto &, tendsto theequilibrium k£ asn increaseslf o > 2,i.e. e;k > k,
thenequilibriumz = k£ is unstableandthereis no asymptoticallystableequilibriumto which the solutiontends.
Note: If e1k > 1,i.e. @ > 2 thenperioddoublingoccuss. If 2 < a < 2.449, thereis a solutionof period?2 to
whicheverysolutionz,, 1 = f(z,) tends.If o > /6 thesolutionof period2 is unstablebut it canbe shavn that
asolutionof period4 appearsindit is asymptoticallystabley/6 < o < 2.544. This perioddoublingphenomenon
continueauntil « = 2.570 whenperiodicsolutionswhoseperiodsarenot powersof 2 beginsto appeatut these
solutionsare unstable. The numericalresults(i.e. the valuesof e; andk for differentsamplesand standards)
verify thisanalysis.
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logistic model vs sample of data set 1 by using the optimization method

fluorescence
number

L L L L L L L L
0 5 10 15 20 25 30 35 40 45

cycle number

Figurel.5: Logistic modelversussampledataof datasetl by usingoptimizationmethod(x-axis: cycle number
y-axis: fluorescencéevel).

1.4 The Taqg Model

This model modifiesthe equationq1.9)-(1.12)by assuminghatthe efficiency of the Tag enzymedecreasesas
the copy numberof DNA to replicatedgrows very large. Insteadof a growth ratee in the logistic equationwe
usea modifiedgrowth rate,e f(d), wherethe function f decreasefrom 1 with increasingd. This resultsin the
following variationon thelogistic equation:

dnJrl =d, + ef(dn)dn(k - dn)
Theexactform of f is notknown, sowe examinedtwo differentcases:

e Whenreactionstartsthe efficiengy of reactionof Taqdecreaseery sharplybecausahe concentratiorof
Taqis decreasingWe usethefunction eﬁld to describethis phenomenonyheree is a constant.

e Whenreactionstartsthe efficiency of reactionof Taqkeepssomekind of high rateor only decreasslowly,
(arctan(3—2%d) /2

then after a while it decreasesharply We usethe function e 200
(Fig 1.6).

6 , Wheree is a constant

e Mentor’snote: thisoneappeasto bemore physical.

In orderto getthe parameters and k andthe initial copy numberC,, we canusethe samemethodsas
describedn the previous section. We found the bestresultsusing the first function, and theseare presented
in figure 1.7 andtable 1.4. The secondfunction, which shouldbe morerealistic, hawever wasnot designedo
decreas¢he efficiency very significantly (the lowestvalueis 0.9795,very closeto the startingvalueof 1). More
testswould have to be donewith a betterrangeon the arctangentunction beforeit canbe comparedo the other
function.

1.4.1 Analysisof the Taq Model

We analyzeherethe Tagmodel,putin a morestandardorm with x replacingd:

Tpi1 = Tp +e€ Tn(k —xp)

14+,



10 CHAPTER1. IDENTIFICATION OF THE INITIAL CONCENTRATION OF DNA IN PCR

1/(1+X)
T T

(atan(6-2 x)/500+772)/1.6
. . .

0.25
0.9835

0.983
0.2

0.9825

0.982

0.15[

0.9815

0.1r

0.981 1

0.9805

0.98

0.9795t 1 1 1 I I I 1 1 1

i ) . i . (arctan(3—2xx) 4/2
Figure1.6: Left: y = . Right: y = W’T/
[ Daa [ e [ k ] To | G0 ]
standardl | 0.1548 | 8.8321 1.335% 107 10°

standard® | 0.15555 | 8.8321 | 1.601875% 10~% 104
standard | 0.1641 | 8.5218 | 1.0523947 % 109 103
standarcdt | 0.1914 | 7.2555 | 7.1596 % 10— ! 102
samplel | 0.1885 | 9.49 4.4%10710 4.7 %107

Tablel.4: Tagmodel.

This map hastwo equilibria, namelyx = 0 andx = k. If —2 < ek < 0 thenequilibriumz = 0 is
asymptoticallystable,but this is not physically possiblesincee and k are greaterthanzero. Hencex = 0 is
unstableequilibrium. If 0 < f—"k < 2 thenz = k is asymptoticallystableandit will be unstablefor 2 < i&-_kk
This meanghatevery solutionwith theinitial valuez, closeenoughto k& remainscloseto k andtendsto k asn

PP . 2(1+k
goesto infinity, provided0 < e < (T)

1.5 A More Realistic Model

In orderto investigatehe dynamicsof thePCRprocesswe analyzednorecomplicatednodels.In thenext model
we only usedtheassumptiorthatall theinitial doublestrandssplitinto thesinglestrandss,, = 2d,,. Substituting
thatinto theequationg1.9)—(1.12) we getthefollowing four maps:

Dn = Pn—1 — €12dn_1Pn—1
st =s | +e2d —egs, T
n n—1 140p—1Pn—1 29p-1'n—1 22
/ (1.22)
Tn =Tn—-1— €25, 1Tn—-1

/
dn = dnfl + €25, _1"n—1;

Assumingnormalizedvariableswe usethefollowing initial valuesfor p, s’ andr:
p1 = 1.0; ) =0.01; r; = 1.0.

Now the solutionto (1.22) dependn the threeparameterg;, e; anddy. As donebeforefor the logistic
model,we usean optimizationapproachto determinesimultaneouslyaluesof e, e5 andinitial concentration



CHAPTER1. IDENTIFICATION OF THE INITIAL CONCENTRATION OF DNA IN PCR 11

-1 L L L L L L L L -2 L L I I I I I I
0 5 10 15 20 25 30 35 40 45 0 5 10 15 20 25 30 35 40 45

Figure 1.7: Tagmodelversusstandarddata(left) andtaq modelversussampledataof dataset1(right) (x-axis:
cycle numbery-axis: fluorescencéevel).

dy. In orderto do that, we usethe experimentaldatay andgeneratehe following discreteobjective function

J(el,ez,do) = ||d(€1,€2,d0) — yHQ (123)

We thenfind min J in orderto minimize the differencebetweernthe sequencesd; andy;, usingthe sameMatlab
functionasin sectionl1.3. Somevaluesof theseconstantarepresentedn table1.5 andgraphsare presentedn
Fig.1.8.

| Data | €1 | €2 | do |
datal samplel | 0.2970 | 1.4195 | —0.0075
datal sample2 | 0.4533 | 0.8769 | —0.0001
data2 standardL | 0.8191 | 1.0171 | —0.0054
data2 standard | 0.4655 | 1.4219 | —0.0070
data2 standardlO | 0.4436 | 0.9273 | —0.0063

Tablel.5: Realisticmodel

Mentor's note: obviouslythere is a problemsinced, shouldnot be negative!

1.6 FutureWork

Our mapmodelin the previous chaptersonsistof the system

d/ = 7/{282 + k’37T
s’ = —kosp + 2k1d

i! = kaosp — kair (1.24)
p' = —kasp
' = —ksri

We can do somelocal qualitative analysisof equations(1.24) and estimatethe parameters.In particular
we shav belaw thatthe solutionsof the aborve systemwill be boundedfor a finite numberof cycles. Fromthe
“famous’model,thenumberof doublestrandedNA atthen-th cyclewill begivenasd,, = 2"dy (dy is theinitial
concentratiorof dsDNA). Hence for the above systemat every cycle the maximumconcentratiorof dsDNA we



12 CHAPTER1. IDENTIFICATION OF THE INITIAL CONCENTRATION OF DNA IN PCR

amplificatiaon graph of realistic model vs. sample data of data set 1 amplificatiaon graph of realistic model vs. sample data of data set 2

data data

0.8

06 06l
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level
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cycle number cycle number

Figure 1.8: Left: realisticmodelversussampledataof datasetl. Right: realisticmodelversussampledataof
dataset?2.

canhaveis d,, < 2"d,. For aparticularsample from the beginningof the DNA amplificationprocesave know,
for how mary cycles(sayn) we have,sod,, < 2"d, < 2"°d, for all n < ng. Now in anidealcaseat every step
onedsDMA is splitting into 2 sSDNA, therefores,, < 2m0t1d, for all n < ng andsimilarly i,, < 2"0*+1d, for all
n < ng, pn < 270+, for all n < ng, andr,, < 2™+, for all n < ny. Henceall the solutionsof the above
systemwill bebounded.

Theabove systemcanbe mademorerealisticby takingfollowing factorsinto consideration:

e Sincein thesereactiongemperatureés playinganimportantrole we canintroducetemperaturelependent
rates.

e Thesereactionsarenotideal,thereforewe canalsoconsidetthereverseprocesses thefirst two reactions.

Therearesereralpossiblefactorswhich canaffect reactionsandthusmodify our model:

e Denaturatiorefficiency will decreasasthe concentratiorof the DNA productincreasesbecausef the
increaseof the melting point.

e Thermalinactivation of the DNA polymerasemay affect the amplificationof the sequenceespeciallyif
they differ in length.

In conclusionjn this reportwe analyzeda setof dynamicmodelsfor the amplificationof DNA during PCR,
andestimatechbarameterdy usingdatasetsfrom realPCRruns. Both linearandnonlineareastsquaresnethods
wereusedin the parameteestimationwith varyingresults.Thereis muchroomfor futurework in bothreaction
modelling and parametelestimationfor this problem,which canultimately aid in processdesignfor the PCR
reaction.
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Chapter 2

Vertical Draining of Thin Films: Two
Fluids Case

Participants: Richard Braun (Mentor), Olivier Dubois, Marcio Gameiro, Andrewv Taylor, Haris Widjaya,
KerianneYewchuk.

PROBLEM STATEMENT: The Dow Corning corporationusesinterferometryto measurethe decayof the

boundaryin a thin fluid, which determineghe quality of the surfactantsthe compary produces.A mathemat-
ical modelthat describeghe evolution of the thin film boundarywill make quality control more efficient. The

Navier-Stokes equationsare a commonlyacceptednathematicamodelfor fluid dynamics. Using information

aboutthe measuremenmnethodwe cansimplify the Navier-StokesequationsWe canthenanalyzethe equations
usinganalyticalandnumericalmethoddo getadescriptiorof thethin film boundarydecayrate. This methodhas
beenappliedto singlefluid thin film measurementd\e wantto analyzethetwo fluid casen thisreport.

15
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2.1 Intr oduction
Thin films area specialcasein fluid dynamics.Therearetwo differentgenericgeometriexonsidered:

e Thin liquid film onasolid substrateand

e Freefilms which areboundedy aliquid or gas.

Thereare a variety of phenomenave canobsene, suchas drainage detailsof rupture,or non-Nevtonian
surfacepropertieq?2].

Theseobsened phenomenaan help to characterizeand describephysicalprocesseshat occurin the real
world. Suchknowledgecanbeusedin thefollowing areaq3]:

e Surfacecoatingsn paint,varnish,protective wax, andsilverlayersonaCD, and
e Foamdevelopment.

Foamis a comple fluids systemthat, in general,is very difficult to model. However, regions wherethe
bubblesmeetare basicallythin films drainingdownwards. (This is why soapbubblesdo not stay asbubbles.)
Understandinghe drainageof thin films is importantin foamfabrication,wherethe propertiesof foam products
aredetermineddy the drainingrateof thethin films into the plateauborders.Knowledgeof the optimaldraining
rateis importantfor producingfoamseconomically During foamfabrication surfactantamay be addedto attain
an optimal draining rate. By using an interferometrymethod,researcherat Dow Corning have beenableto
measuraherateat which a fluid drainswithin a film. This methodcanbe usedto performquality inspectionof
thesurfactantghatareaddednto thefoamproducts.However, this procedurés time consumingwhich makesit
impracticalfor high volumeindustrialapplication.A mathematicamodelbasedn asinglefluid film thatobtains
an accuratemodel of the film boundarydecayover time is developedby Braunet al [2]. This is the second
geometrycasefor asinglefluid.

We areinterestedn modellingthe secondgeneralgeometryintroducedabove, wherea drainingthin film is
formedbetweertwo liquids. The samesimplificationmethodsoundin [2] areusedto obtainsimplerequations
thatdescribethe boundaryof the two fluids. We apply the methodof characteristicso obtainexactsolutionsfor
the inner boundaryand we usedsimilarity solutionsto getan approximationfor the outerfilm boundary Our
approximatiorfor the outerboundaryequationis verifiedagainsthe numericalresultsthatwe obtained.

Forthemorecomplex casewhentheinterfacebetweertwo liquidsis freeto move, we usesimilarity solutions
to approximatethe partial differentialequationgoverningthe two boundaryconditions. We reportthe resultsof
our numericalsolutionsin section2.3 below.

2.2 OneFluid Case

In this sectionwe outline the onefluid casewhichwasdonein [2]. This casecanbeidealizedby the schematic
representatioshovn in Figure2.1.
The Navier-Stokesequationsare usedto modelthe velocity of thefluids insidethe thin films. Usingthefact
that
d
— =<1, 2.1
D < (2.1)

we canmake anappropriatechangeof variablesandneglectsmalltermsto getsimplified equationdor the fluid
andtheboundary Thefinal equatiorfor the boundaryis givenby

kt + Fz = 0, (22)

where

F=—. (2.3)
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Figure2.1: Thin film for a singlefluid.

Thisequatiorcanthenbeanalyticallysolvedusingthemethodof characteristicgyieldingtheimplicit solution

E(z,t) = ko(z — (k(2,1))%t), (2.4)
whereko(z) = k(z,0) is theinitial condition.In particular if we take ko(z) = sz, we getthe explicit solution
— 2
Kat) = AT (2.5)

which beharesasymptoticallyas/zt /2. Fromherewe canseethat,in agreemenwith experimentsthe film
thicknessdecaysast —1/2 for fixed z.

2.3 Two Fluid Case

After usingthesinglefilm caseasastartingpoint, we now analyzeamorecomplicatedsituationwith two different
fluids. Themodelfor this problemis outlinedin Figure2.2.

We have two regionsin the film containingdifferentfluids. We will referto the innerandouterregionsas
fluids 1 and 2, respectiely. From experimentalevidence,we assumesymmetryin the = directionandthat the
problemcanbe adequatelyepresentely two dimensionsThe velocity of the fluids will bewritten as

i (@, 2,t) = (u?, w™), (2.6)

wherei = 1 or 2 dependingon the fluid in question.The functionsdescribingthe free boundariesare given by
r = k¥ (z,t). Thegoverningequationsor incompressibléuid flow arethewell-known Navier-Stokesequations
(seef1])

ot (ﬁgw I ON Wu)) — vp® 4 20 4 ) g 2.7)

Vi =0, (2.8)

wherep(?) is thedensityand () is theviscosityof fluid i. Thefirst setof equationsomesfrom conserationof
momentumwhile the divergence-freeonditioncomesfrom conseration of mass.The equationsarenon-linear

andthushardto solvein general.In addition,we needto find thelocationof theboundaryaspartof the solution,
which only increaseshe difficulty of theproblem.
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Figure2.2: Thin film with two fluids.

2.3.1 Boundary Conditions

First, atthetop of thefilm, whereit is attachedo the metalframe,we useno-slipboundaryconditionsi(¥) = 0.
At thesymmetryline (x = 0), thefluid velocity shouldbe parallelto theboundaryandtheverticalvelocity should
beanevenfunction,leadingto the boundaryconditions

uM =0, w_gcl) =0. (2.9)

At the outerfreeboundaryz = k(2), we choosethe conditions

o [ . T.i?] = 09k (jumpin normalstress),

=

e 7-7® = 0 (tangentiaimmobility),
o kP 4 kP w® = 4@ (kinematiccondition).

In thefirst condition, T is the stresstensor 7 is the normalvectorto the boundary o, is the surfacetension
atthefluid-air interfaceand «(?) is the curvatureof the boundaryk(?). As such,this conditionindicatesthatthe
jumpin normalstresonthefreesurfaceis proportionato its curvature.ln thesecondcondition,we areassuming
thattheboundaryk(? cannotmove alongitself. Physically this represents limiting casewhenallot of surfactant
is put on the surfaceof the fluid, which canbe thoughtof asa “dirty” surface. Finally, the kinematicboundary
conditionrelatesthe velocity of thefluid with the movementof the boundary

Now, for theinnerfreeboundaryz = k(1) betweerthetwo fluids, the conditionsaresimilar

o [V . T.7M] = o1 (jumpin normalstress),

o kM + D w® =4O (kinematiccondition),
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o i) = i® atz = kM (continuousi).

Thefirst two conditionsareanalogougo the onesat the outerboundary The third onerequiresthe velocity
to be continuousacrossk(!), sincethe velocity of the fluids on both sidesof the boundaryis dictatedby the
movementof £(1). However, the problemis notyet completelyposedbecaus@neboundaryconditionremaingto
beimposedattheinnerinterface.We considertwo relevantchoices:

Casel: k(1) is tangentiallyimmobile,

Casell: kW is tangentiallymobile.

2.3.2 Casel: Tangential Immobility on k(")
In this casewe imposethe boundarycondition

—

7.qM  atz = kW, (2.10)

This meanghatthe interfaceis not allowed to move alongitself. This conditionwasimposedpreviously at
theouterboundaryk(? andrepresents limiting casewhentheinterfaceis packedwith surfactant.

The problemis now completelyposed,asa sufficient numberof boundaryconditionshave beenspecified.
However, the resultingequationsare non-linearandvery complex, so we do not hopeto find an exact solution
analytically Insteadwe exploit the differencein scalingbetweenthe heightof the film (~ 1 cm) andits width
(~ 10 um) to obtainsimplerequationghatwe cansolve.

We considerthe caseof thethin film

d 3

whered and D are characteristidength scalesfor « and z, respectiely. Scalesfor the othervariablesin the
problemareasfollows:

x— 0Dz u— Wu t—>%t
z— Dz w—Ww p— Didslu,p (2.12)

k — 83Dk

HereW = &f is thecharacteristizelocity scalein which gravitationalandviscousforcesbalance Assum-
ing thatd is a very small parametgrandwriting the solutionasa perturbatiorseriesin 62, thenwe canfind very
simple equationdor the leadingordertermsby basicallysettingd = 0. Settingy := ZE_;; andp := %, the

Navier-Stokesequationgeduceto

=0, wl —p +1=0,

2.13
A =0, wl) —p® 4o, @23
Thedivergence-freeonditionstaysthe sameat leadingorder
ul +w = 0. (2.14)
Someof theboundaryconditionsarenot affected,namely
(1 _ —
wye’ =0 at z=0, (2.15)

w® —w® at z— k.

Thetangentiaimmobility conditionstranslateto

w® =0 atz=£k", i=1,2. (2.16)
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Finally, theleadingordertermsin the normalstressconditionsgive

p(2) — Hp(l) at'I — k(l)’

p® =0 atz = k). (2.17)

Thesenew equationsand boundaryconditionsform a much easierproblemthat canbe solved exactly for
the pressuregequalto 0 everywhere)andvelocities(quadraticpolynomialsin z) in the fluids. Hence,usingthe
kinematic conditions, the problemreducesto equationsfor the free boundaries:(") only. We then obtain the
non-linearsystemof hyperbolicpartial differentialequations

wheretheflux functionsF(9) aregivenby
O - ED)?
(2) 1 3(1) 3 1 (k(2))3,(k(1))3 (1) (2) (k(2>)27(k(1))2 (1) (2) (2) (1) (220)
o= k) = | T — (R ) (=) + KR (R - k)

It is worthwhileto pointout afew propertieof theflux functionsatthis stage We have anon-linearsystenof
equationdor the k(Y swhereall termsin theflux functionarecubic. Moreover, theequatiorfor k(! is completely
independenof k(2 andthuscanbe solvedfirst to uncouplethe system.lt is very similar to Burger’s equation;
we canusethe methodof characteristi¢o obtainanexactsolutionfor (2.18)

kD (2, 1) = kM (2 — (kD (2, 1)), (2.21)

wherekél)(z) is theinitial shapdor k(1. Recallthatwe arrivedat the sameequationin the onefluid case.Using

astraightline astheinitial shape(k(()l) = sz), the behaiour of the solutionfor largetime is givenby the power
law

KD (2,1) ~ Vat 2. (2.22)

2.3.3 Numerical Resultsfor Casel

We computea numericalsolutionto the systemof equations(2.18), (2.19) by meansof the methodof lines.
Usingabackwardfinite differencediscretizatiorfor thederivative of F'(), we getasystenof ordinarydifferential
equations

e
ot Az ‘ '

Theinitial conditionsfor this systemaregivenby the discretizatiorof theinitial shapekéi). We alsoassume
thatbothfreeboundariestayattachedo themetalframeat = = 0, giving theboundaryconditions

k@9 (0,t) = 0. (2.24)

Then,we usedMatlab built-in ODE stiff solver ode15s to obtaina numericalsolution. Fromtheseresults,
we generateglotsof theevolution of thefreeboundariesvith time. A specificcasewherethefluid is thesameon
bothsidesof theinnerboundaryis shavn below in Figure2.3. By fixing z andlooking attheresultinghorizontal
slice for varyingtime, we obsene a decayrate of approximately—% for boththeinnerandouterboundariesas
illustratedin Figure2.4. Theslopein thatfigureis afinite differenceapproximatiorto the slopeof the thinning
curve atfixed z nearthe bottomof thefilm andneartheendof the evolution.
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fluid combinations 7 P «@ I}
Polyureth
el 0.0912 | 1.333 | -0.49412| -0.40311
Water 0.83333| 0.0125 | -0.49429| -0.49401

Polyurethane

luid
Samerluid 1 1 -0.49412| -0.47812
M
Ty 1361.4 | 13.546 | -0.49402| -0.4942
M
e 0.8168 | 16.9325| -0.49412| -0.38408

Table2.1: Thinning ratesof films. Boundaryk(!) decaysast®, andk(® ast”, for fixed z. Initial conditions:
kP (2) = 0.23z, andk{? (z) = 0.32.

We investigateddecayratesfor differentfluid combinationsand summarizedhe resultsin Table2.1. The
resultsfor all five casesverecomputedafter 5000time units. We find thatthe thinningrateis approximatelw%
for every caseexceptfor thefirst andfifth ones.However, by letting the simulationrunlonger, we expectthatthe
decayrateshouldapproacrk%. By increasinghetime unitsto 20000for thefirst casewe foundthatthe decay

ratefor k(2) was-0.4622.Fromthis result,we areconfidentthat,in all casesthe thinningrateshouldeventually
approach-1.

2.3.4 Similarity Solutionsfor Casel

The numericalresultsshoved a decayrate of approximatvely — ; for largetime. Basedon this obsenation,we
now look for similarity solutionsfor (2.18)and(2.19)of theform

KD (z,8) = fO ()t 7, (2.25)
k@ (z,8) = fO ()t 2. (2.26)

In addition,from the exactsolutionfor k(1) obtainedby the methodof characteristicaye have

ED ~ ztz forts 1. (2.27)

Thuswe make aneducatedjuessor the functions f (9:

YR =z fPk)=0va (2.28)

Substitutingtheseinto the equationsandsolvingfor the constantC', we obtainthevalue

C= 1+2\ﬁ. (2.29)
n

This agreesvith our numericalresults exceptin thefirst andfifth fluid combinationswherethefactthatC is
large could explain the slow corvergenceof k(2.
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2.3.5 Casell: Mobile Boundary at z = k)

In this secondcase,we replacethe tangentialimmobility condition at the inner boundaryby a condition that
allows k(1) to move alongitself. A comparisorwith casel is madebelov

Casd Casdl
(2.30)
T-4u=0 [[F-T-ﬁ]]zo
wl) =0 ,uwél) = wg(f)

In casel, afterchangingthe variablesto dimensionlesgquivalents,andkeepingonly the leadingorderterms
for 63 < 1, thetangentiaimmobility conditionreducego w™) = 0 atz = k(1. However, in casdl, thecondition
we obtainat leadingorderfrom the tangentialstressconditionis a weightedmatchingof the z derivative of the
verticalvelocities(uwg(cl) = wf)). Theotherequationandboundaryconditionsin the simplified problemarethe
sameasin casel. Again, we cansolve for the pressuresindvelocity componentso obtaindifferentialequations
for thefreeboundarie®nly, usingthe kinematiccondition

kD 4 [F@] —0 fori=12 (2.31)
to get
w _ kY (1))2 (2))2 1)
FU = G—p[(Qp + 3 = 6pp) (K*)7 + 3u(k™)" + 6u(p — DEES], (2.32)
1
F@ = A 3up) (k)2 + 3u(p — DD (k)2 + 2u(k3))?). (2.33)

Notethatall thetermsarestill cubicin the expressiongor the flux functionsandthatthe equatiorfor k(1) is
now dependenon k(%)

2.3.6 Numerical Resultsfor Casell

Usingthemethodof linesintroducedn casd, we canobtainnumericalimulationof thefreeboundariesnoving
in time. Likein casel, we lookedatthefreeboundaryevolution of casell throughtime, asseenin Figure2.5. A
representatie situationwasthatof mercuryastheinnerfluid andwaterasthe outerone. For this choiceof fluids,
we seein Figure2.6thatthedecayrateof theinnerfluid is fasterthanthe outeroneandthatthe decayrateof the
outerfluid approaches%.

2.3.7 Similarity Resultsfor Casell

We onceagainanalyzedhe decayrateof differentcombination®f fluids andlistedtheresultsin Table2.2. In all
five caseswe obsenre thatthe innerfluid thins at a fasterratethanthe outerfluid. As we sav in casel, thereis
morevariationin thevaluesatz = k(?); however, it is worth notingthatthereis evenmoredeviationin thevalues
for this casethanin casel.

Fromour experiencewith casel, we cantry to find similarity solutionsof theform

kD (z,1) = fO(2)t, (2.34)
E? (z,t) = fPO(2)t?, (2.35)

wherethevaluesof « and 3 give the decayratesof the free boundariedor largetime. It is not obviousfrom the
table of decayrates,obtainedfrom the numericalexperimentswhich valuesa and 5 shouldtake. Substituting
the similarity form for k() into the differential equations and matchingthe mostimportantterms,we get two
differentsituations.
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Figure2.5: Freeboundaryevolution of casell throughtime for ; = 13.546, p = 1361.4.
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Figure2.6: Thinningatfixedz of casell for y = 13.546, p = 1361.4: k() (2, t).
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fluid combinations 7 P «@ I}
Polyureth
el 0.0912 | 1.333 | -0.65224| -0.4516

Water 0.83333| 0.0125 | -0.66183| -0.5439

Polyurethane

luid
Samer e 1 1 -0.65552| -0.49573
M
Ty 1361.4 | 13.546 | -0.64431| -0.44178
M
e 0.8168 | 16.9325| -0.62798| -0.41261

Table 2.2: Thinning ratesof films. Boundaryk(!) decaysast®, andk(? ast?, for fixed z. Initial conditions:
kP (2) = 0.23z, andk{?(z) = 0.32.

¢ Assumingtheinnerboundarydecaydasterthantheouterboundarya < 3, thenby matchingtheexponents
of ¢ of theleadingorderterms,we obtainthe conditionsg = —% anda < —%. Hence from this analysis,
we areunableto find the specificvaluefor « andcanonly concludethatit hasto be smallerthan—%.

e If theinnerboundarydecaysslower thanthe outerboundarya > 3, thenby matchingthe exponentsof ¢,
we getthevaluesa = § = fé. This resultindicatesthatthe outerboundarycannotdecayfasterthanthe
innerboundarywhich makessensesinceotherwisethe two curveswould eventuallyintersect.

2.4 Conclusions

For casel we obtainedan exact analyticalsolutionfor the boundaryk(!) andan approximatesolutionfor the
boundaryk(®. Using our numericalresults,we verified the thinning rate of fluids with the differentphysical
propertiesasshawn in Figure2.1.

We ranthe numericalsolver for casell andtheresultsagreedwith our predicteathinningratefor &(2). How-
ever, dueto time constraintswe did not find ary explicit decayratefor the boundaryk("). Although the k(")
boundarydecayratewashardto solve analytically we were ableto postulatea predictedvaluerelative to k()
andconfirmedit with our numericalresults.

2.5 Future Work

Our draining thin film model simplifies the physicaldynamics,as we did not take into accountthe effects of
surfacetension.It would beinterestingto checkwhetherthis simplificationplacedary restrictionson our model.
It would alsobeinterestingto compareour modelwith realworld experimentaresults.
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Chapter 3

Stability of Hybrid Systemsusinga Sum
of SquaresProgramming Approach:
VCCR SystemExample

Participants: Sonja Glavaski (Mentor), Mark Braverman, ShengyuanChen, Nadine Gartner Yujun Wu,
CharlesBergeron.

PROBLEM STATEMENT : The objective of this projectis to usesosTooLs to find a Lyapun functionand
henceprove the stability of a system.Thefirst partof this paperdemonstratethe functioningof sosTooLs by
meanf anexample.In the secondpartwe proposea modelfor carbondioxide removal (vCcR) in the cabinof
a spacestation.We thenproposea controllerfor the vccr systemandprove its stability.
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3.1 Intr oduction to Hybrid Systems

Hybrid systemsanbe usedto describevarioushumancontrolleddynamicprocessesA hybrid systemis char
acterizedby having afinite numberof modes For eachmodetherearerulesgoverningthe continuousavolution
of the stateof the system.Furthermorehereis somecontrol structuredeterminingwhento switch betweenthe
individual modes.We will illustratetheconceptwvith someexamplesbeforegiving aformal definitionof a hybrid
system.

3.1.1 Examples

e Onesimpleexampleof ahybrid systenis anair conditioningsystem.Thetwo modesof theair conditioning
systemcorrespondo thefanbeingon or off. The stateof the systemis theroomtemperatureA switching
conditionis reachinga certaintemperature.

¢ In theautomatictransmissiorin a car, the modescorrespondo the gears.The stateof the systemandthe
switchingconditionsareexpressedn termsof the numberof revolutionsin the motor.

e VCCR, aCoO, removal systemin aspacestation,is amorecomplec hybrid systemwhichwe will discussn
section3.3.

3.1.2 Definition

A hybrid systemis a dynamicsystemover R", with a discretesetof modes{1,2,..., K}. At timet, let the
systembein stater = z(¢t) € R", andin modei = ®(¢) € {1,2,...,K}. In eachmode,the systemevolves
accordingto theequation

wheref; is agivenfunctionfor eachi € {1,2,..., K}.

For eachpair of modes(i, j) € {1,2,..., K}?, thereis a switching surface S;;. The switching surface S;;
determineghe stateswherethe systemflips from mode: to mode;. Formally the effect of a switchingsurface
canbeexpresseds

O(t) =75 if @) =1 andz(t) € Sy;.

3.2 Lyapunov Stability

3.2.1 The Lyapunov Theoremfor Plain Dynamic Systems

Supposeve aregivenadynamicsystemi = f(x). A pointz, is anequilibriumpointof thesystemif f(zq) = 0.
An equilibrium point zq is called asymptoticallystableif the systemwill returnto xzq whenslightly removed
from there. An equilibrium point z is called stableif the systemwill returnto a boundedareacontainingxg
afterbeingslightly removedfrom z,. Givenanequilibriumpoint, we areinterestedn determiningvhetherit is a
stableequilibriumor not. Oneof themaintoolsfor proving stability of a systemis the Lyapuna theorenwhich
is statedbelow.

Theorem:
Leti = f(z), x € R™ beasystem.Supposef(0) = 0, i.e. 0 is anequilibrium point. If for someopenregion D
with 0 € D C R™ thereis acontinuouslydifferentiablefunctionV : D — R™, suchthat

(@Vv(0) =0,
(b) V(z) > 0forz € D\ {0},

then

if V(z) < 0forz € D, thesystenis stableattheorigin.
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If V(x) < 0forz e D, thesystemis asymptoticallystableat the origin.
In this caseV is calleda Lyapunaw function

In short,the theoremsaysthat if we canfind a Lyapunw function for a system,we know the systemis stable.
Intuitively, a Lyapuna function can be thoughtof as the enegy of the system,which can decreasebut not
increase.

3.2.2 A Lyapunov-like Theorem for Hybrid Systems

In orderto applythe Lyapuna theoremto a hybrid systemsomeextra precautioniave to be taken. In contrast
to a‘plain’ dynamicsystem,n a hybrid systemthereare several possiblemodesof the system.Furthermorein
a hybrid systemtherecanbe statesof the systemghat do not correspondo a uniguemode. Becauseof this, a
‘Lyapun« like’ functionfor ahybrid systemnotonly depend®nthestater of thesystemput alsoonits mode:.
We thereforeneedto introducefunctionsV; (z) for theindividual modesof the system.Expressinghe modei of
thesystemasa function ® of thetime we canformally combinethefunctionsV; into anoverallfunctionV:

V() = Va (2(t))

Of coursewe needto ensurghefunctionV satisfiesertainconditionsbeforewe canclaimthatsucha V- cantake
therole of a Lyapunaw function.

Givena hybrid systemwith modesi = 1,2,..., K, for eachi we definearegion X;, suchthat
z(t) € X;, wheneer i = d(t).

We arenow readyto formulatea Lyapunw like Theoremfor hybrid systemsThisis notthe mostgeneralersion
of suchatheoremputit is strongenoughfor our purposesSee[3] and[5] for moredetails.

Theorem:

Supposewe are given a hybrid systemwith an equilibrium point at the origin (i.e. f;(0) = 0 for eachi =
1,2,...,K).

If for someopenregion D with 0 € D C R™, therearecontinuouslydifferentiablefunctionsV; : D — R*, i =
1,2,..., K, suchthat

(@)V;(0) = 0 for eachi,

(b) Vi(z) > 0 forz € X; N D\ {0} for eachi,

(c) V; < 0onX; N D for eachi,

(d) Foreachi,j € {1,2,..., K}, Vi(z) > V;(z) for z € S;;,

thenthe systemis asymptoticallystableat the origin.

Note that the first conditionsensurethat the functionsV; behae like Lyapunw functionson their associated
regions X;. Thelastconditionensureshatthe combinedfunctionV” doesnotincreaseduringmodeswitchings.

3.2.3 An Example

Considera hybrid systemi = f(z) with two modes.Let the modedependenévolution subsystemg’ (z) and
f2(z) begivenasfollows:

o —I 7100172
fl(w) o |: 101’1 —xI2 :|

- 1 +10x5
fa(e) = {—100:[:1 ) }
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Let theinitial modeof thesystembe ®(0) = 1. Let the switchingsbetweermodesl and?2 be determinecy the
following switchingrules:

1 i) = 2, 200(t) — 2a(t) > 0
() = {2 :fi(t_)zl, — paa(t) — 2a(t) > 0.

We wantto investigatefor which parametewaluesp > 0 the systemis stable.Figure3.1illustratesthe evolution
of the systemfor valuesof p thatmalke the systemunstableor stable respectiely.

L L L L L L L L
1 -05 0 0.5 1 15 2 25 3 35

Figure3.1: Valuesof p thatmake the systemunstablgtop) andstable(bottom).
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Figure3.2: Evolution of the subsystems.

A formalanalysiof thesystenrevealsthatthereis acritical valueof p thatseparatestablesystemgrom unstable
ones.We will notgointo detailsof how to find this critical valueanalyticallysincethis projectis concernedvith
investigatinghe performancef sostooL s on the stability problem.

For the momentwe will ignorethe switchingrulesin orderto obsene thebehaiour of the subsystemsnderthe
assumptiorit remainsin the samemodeforever. We noticethatin mode1l the subsystenis stableandevolves
counterclockwisavhereasn mode2 it evolvesclockwiseandis unstablg(seefigure 3.2).

Taking the switching conditionsbackinto consideratiorwe make somefurther obsenations: After startingin
mode1 andhencemoving counterclockwisethe systemstaysin mode1l until it hits the positive ray of theline
o = —px1. Thenit switchesto mode2, andstartsmoving clockwise. It staysin mode2 until it hits the positive
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ray of theline x5 = 2z;. This processontinueswhich meanshat after a certaintime the stateof the system
alwayslies within theconeC' determinedy thesetwo rays. (seefigure 3.1).

We seethatthe regular Lyapuno theoremis not applicablein proving stability here,becausehe existenceof a
single Lyapunaw function for both modessimultaneouslyvould in particularimply stability of system2, which
we have identifiedto be unstable Hencewe invoke the modifiedLyapuna theoremfrom above.

In our particularexample,the conditionsof the Lyapunw like theoremare:

(@) V1(0) = V2(0) =0

(b) Vi(x) is decreasingvherevermodel occurs.Denoteby X theseton which model occurs.So:
Vi(z) < 0forz € X;. InourcaseX; = C.

(c) Vo < Oforz € X,. HereX, = C.
(d) Forz € Sz, Vi(z) > Va(z).
(e) Forz € Sa1, Va(z) > Vi(x).

3.2.4 Using SOSTOOLS

Among otherthings,the sosTooL s softwarepackagg7] canbe usedto searchfor Lyapuna functions. As the
namesuggestssosTooL s dealswith sumsof squaregof monomials).A sumof squaress alwaysnon-ngjative
and hencea potentialLyapunas function. So using sostoolLs for finding Lyapuna functionscorrespondso
decreasinghe searctspacdrom the spaceof non-neyative functionsto the spaceof sumsof squaresSorestrict-
ing the searchspacegreatlyreducessomputatiortimes— however at the costof possiblymissingout on finding
Lyapunaw functions.

In orderto usethe sosTooL s softwareon the examplestatedn the sectionabove, we needto adjustits formula-
tion. To this endwe malke the someavhatrestrictve assumptiorthatV; andV, arepolynomialswhichthenallows
usto rewrite the problemin termsof polynomialinequalities.

As we have seerabove the stateof the systemwill eventuallylie within theconeC'. We canrepresent’ paramet-
rically as
C ={a?(1,2)+ 3 (~1,p) : a, € R}.

Usingthis parametricatepresentatioandrewriting the conditions(a)—(e)from aboveyields:

@) Vi(z) >0,
(b) Va(z) >0,

© —Va(e?(1,2) + B*(~1.p)) > 0,
(d) —Va(a?(1,2) + *(~1,p)) > 0,
(e) V2(a?(1,2)) — Vi(a?(1,2)) > 0,
() Vi(a®(=1,p)) = Va(a?(=1,p)) > 0.

We cannow use SOSTOOLS to test for which valuesof p it canfind Lyapunw like functions V4, V; for our
example. sosTooL s allows usto specifythe maximaldegreeof the polynomialsusedin the search.Of course,
for ary particularp the higherdegreeof polynomialswe chose,the more candidatesor Lyuapune functions
thereare.We experimentwith polynomialsof degreesrangingfrom 2 to 6. Fromtheanalyticalanalysisve know

thatfor ary p below 2.16 the systemis unstableandfor ary p above 2.16 the systemis stable.Using sosTooLs

with polynomialsof degree2 the lowestp for which we canfind a Lyapunw functionis 5.9. Using polynomials
of degree4 we find Lyapunw functionsfor p down to 2.5. With polynomialsof degree6 we getevencloserto

thecritical value,namelydown to 2.22.
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3.3 Modelling the CO, Removal Systemin a SpaceStation

3.3.1 Intr oduction and a Mathematical Model

In the context of spacetravel arisesthe problemof oxygenretrieval. Among otherthingsthe processnvolves
removal of carbondioxide which canbe accomplishediia a variableconfigurationcarbondioxide removal sys-
temor vccRr. In thefollowing we will concentratgust onthevccr systemitself andtreattherestof theoxygen
retrieval systemas anindependenblack box. The vccr systemroughly works asfollows: carbondioxide is
removedfrom the crew cabinandabsorbednto asocalledbed In the bedtherearetwo modesof aggreyation:
thecarbondioxide entershe bedin gaseou$orm andthencompoundsvith somegel presenin thebed.

Wheneverthe connectiorbetweerthe crew cabinandthebedis cut off thebedcanbepartially depletedrom the
carbondioxide.

So,in total therearetwo modesof the vccr system.The modewhencarbondioxide leavesthe cren cabinand
entersthe bedwill bereferredto asadsorbingnodeor modeA. The modewhenthe bedis beingdepletedrom
carbondioxideis calleddesorbingnodeor modeD.

Cabin Bed

38g/hour

100m3 1m3

Figure3.3: A sketchof the carbondioxideremoval system.

In modeA somecarbondioxideis producedn the cabindueto the breathingof the crev members Also, some
air (andhencecarbondioxide) leavesthe cabin. At the sametime, the carbondioxidethatleavesthe cabinenters
thebed. IntroducingvariablesC. andC), representinghe carbondioxide concentrationn the cabinandthe bed
respectiely we canstatetheseinterrelationshipsn theform of two differentialequations:

C. = k(Cy— C,) + =
SystemA = . | Ve
y { Chy = k(Co — Cy) 2= 1.

With v, standingor thevolumeof thecabinandr standingor therateby which carbondioxideis producedy the
crew, theterm LL representtherateby which the carbondioxide concentratiorincrease# thecabin. We assume
thatthe amountof carbondioxide that canleave the cabinis proportionalto the differencein concentrationgn
the cabinandthe bedwith somecoeficient k. Thosetwo factorsleadto the first equation.We assumehat the
amountof cos in the solid stateis alwaysin constanfproportionto theamountof co- in gaseoustatein thebed
with proportionfactors. Sowe have

Theamountof COs in solid state= s - Cyvy,.

In theadsorbingmode,the systemremainsclosed. The only factorwhich affectsthe total amountof co, in the
systemis theastronautbreathing.Hencethetotalamountof co in thesystemincreasesita constantater. The
totalamountof cos in the systemattimet is

T(t) = COLb " + CO5? = Cove + Cyvp + 5 - Cyvp = Cove + (s + 1) - Chyuy,
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andwe know that7" = r. Differentiatingl’ we obtain
Cove + (s+1)- Chpvp = 7.
Combiningwith C, = k(Cy, — C.) + Z yields

k(C. — Cy)ve

O =
b (s 4+ 1w

= k(C. — Cy)

Which provesthe secondequationin systemaA.

In modeD all thathappensn the cabinis the crew breathingandhenceincreasinghe carbondioxide concentra-
tion linearly overtime. The bedis beingdepletedrom someof the carbondioxideit holdsandwe assumehis
canbedonein arateproportionalto the carbondioxide concentratiornin the bed. We canthenstatethe evolution
of thesystemin modeD asfollows:

Yo
Ce=+

SystemD = { . c
Cp = —3Cp.

In our discussiorof the stability of the systemwe will assumehe parametersake the following (moreor less
arbitrarily chosenyalues:

ve = 100m3® k=3 r =387 w=1m3 f=1 s=099.

Theneedfor a carbondioxideremoval systemoriginatesfrom a constrainton theacceptablearbondioxide con-
centrationin theair in the cabin:

5<C,<8-L.
m

So having specifiedthe systemparametersyariables,constraints modesand the evolution rules, we cannow
move onto controllingthe system|j.e. determiningthe switchingconditions.

3.3.2 Suggestinga Controller

Commonsensesuggestshata relatively high carbondioxide concentratiorin the cabinandalow concentration
in thebedshouldtake thesystemnto theadsorbingnode.Ontheotherhand,alow concentratiorin thecabinand
ahigh concentrationn the bedsuggestemptyingthebed. Hencewe expectthata diagonalin the C,. — C}, plane
malkesa sensibleswitchingline which causeghe stateof the systemto stayin the feasibleregion with respect
to carbondioxide concentrationsin orderto increasethe robustnesf the controllerwe decideto introducea
buffer zone.To this endwe introducetwo parallelswitchinglinesinsteadof only one. Within the buffer zonewe
allow thesystento bein eithermode.This concessiomeducegheditheringin thesystem.n figure3.4we givea
sketchshaving how thetwo switchinglinesdivide thefeasibleregion of the C,. — C}, planeinto threeareasl, I'7
and/I1. Areal representshevaluesof C. andC), for which we wantthe systemto bein modeD, in areall we
wantthe systemto bein modeA. Arealll is thebuffer zone.
To be specific,we choosehe switchinglinesi; andl, to bethefollowing:

li: Cy,=p(C.—5.5) (switchingfrom modeA to modeD)
la: Coy=p(C.—7) (switchingfrom modeD to modeA).
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Bed
(g/m’)

A—D D—A

5.5 7 Cabin(g/m?)

Figure3.4: Dividing the planeinto threeregions.

Theslopeof theline, i.e. the parametep, canbe adjustedo keepthe systemstablein the feasibleregion. After
someinspectionwe choosep to be 0.66. Note thatwe choosethe intersectiorpointsof the switchinglineswith
theC, axisto be5.5 and7, suchthateventuallythesystemwill staystrictly within thefeasibleregion5 < C,. < 8.
Thereasorwhy we chooses.5 and7 ratherthan5 and8 will becomeclearshortly.

3.3.3 A Lyapunov Style Theorem

Theorem

Givenadynamicalsystemi: = f(x) (possiblyhybrid) anda continuouslydifferentiablefunction V' (z) suchthat
1. V(z) > 0forall z.
2. For someclosedboundedegion K, V(z) < 0 forz ¢ K.

Denotem = maz ek V(z) andS = V=1([0,m]) = {z : V(z) < m},

thenfor eachzy = z(0) thereis T, suchthatz(¢) € S for¢ > T

The Intuition Behind the Theorem

Supposéhesystenstartsat somearbitrarypointzy = 2(0). Thenaslong asthe systenstaysoutof theregion K,
thevalueof V decreasesSinceV (z) < m on K, V (t) is decreasingslongasV (x(t)) > m. Henceeventually
we have V (z(t)) < m, andthesystenreacheshesetS. Also, K N S¢ = (), andhenceV is nonincreasingvhen
the systemis ontheboundaryof S. Sooncethesystemisin S, V(¢) canneverincreaseabove m, andthesystem
stayswithin S.

3.3.4 Stability of the VCCR System
Intr oducing a Lyapunov Function

In orderto prove stability of the carbondioxide systemwe wantto make useof the Lyapuna technique. We
claim thatthefollowing function V' is a Lyapuna functionfor our system:

N — . — 240N _ L — 5. 2 Coy\2 ’
V(C.,Cy) = (Ch QP(C 7))0 +2 (Cp—p(Ce —5.5))° + (Cp + = ) !n aread. |
N(L5p)" + (Co + T) in arealll

Thebranchof functionV belongingto aread andll consistof threeterms: Thefirst two termsareamultiple of a
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point's distancefrom the switchinglines. Thatis, thevalueof V (C., C}) increasesvith increasinglistancerom

the switchinglines. Sothe effect of thefirst two termsis to pull the stateof the systemtowardsacceptablealues
of C... Thevigorousnessf the distancepenaltycanbefine-tunedby choosingthe parameterV accordingly We

chooseN to be200. Thethird partof thefirst branchof V' resembleghe distancefrom animaginaryline. The
imaginaryline is perpendiculato the switching lines and cutsthroughthe origin. The purposeof addingthe
distancefrom theimaginaryline is to pull the stateof the systemdown’ towardssmallvaluesof C.

Whenwe arein the buffer zone,i.e. arealll, the carbondioxide concentrationn the cabinC.. is within the ac-
ceptablerange.Hencewe aremainly concernedrvith pulling the systemtowardslow valuesof C;,. Again, thisis
accomplishedy consideringhe distance(C), + == )2 from the sameimaginaryline thatwasintroducedabove.

In additionto that,we introducetheterm N (1. op) to ensurethe continuity of V.

Proving Stability of the System

We now apply the Lyapunw style theoremusingthe function V' describedabove. First, we obsere thatV' is
continuouslydifferentiableandV > 0. We now checkusingMatlab,onwhichregiontheconditionV < 0 holds.
Firstwe verify thatthis conditionholdson regions| andll. In region|, the systemis aIvvaysm modeD. Hence

V= (inv @p in region|. In region 1, the systemis alwaysin modeA. SohereV = - & 4. Fromfigures3.5

and3.6below we seethatV’ < 0 bothin region | andll.

107

Concentration in Bed

0 5 10 15

Figure3.5: In region I, the systemis in modeD. White region=V < 0.
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Figure3.6: In region I I, thesystemis in modeA. White region=V" < 0.
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In region Il the systemcould bein eithermodeA or D. To enforcethe conditionV < 0, we needto have
both% -4 <0 and% -&p < 0. Figures3.7,3.8and3.9iIIustratethat% -4 < 0 holdsontheentireregion
I, andthat% -&p < 0 holdsfor all pointsin region|ll, exceptfor asubsetk'.
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Figure3.7:In region 11, in the casethe systemis in modeA. White region=V" < 0.
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Figure3.8:In region I 11, in the casethe systemis in modeD. Whiteregion=V < 0.
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Figure3.9: A close-uponsetK.
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Figure3.10: ThesetS=V ([0, m]).

TheLyapunw styletheoremstateshatthe systemstablycorvergesto thesetS. Since5 < C. < 8 for all the
pointsin S, the constraintson the carbondioxide concentrationn the cabinwill be satisfied.

3.4 Conclusions

As usual thereareplentyof opportunitiedor furtherinvestigationsConcerninghefirst partit would bedesirable
to run sosTooL s on the given exampleusing polynomialsof higher degreesin orderto explore how closely
sostooL s advanceghecritical valueof p, the switchingsurfaceparameter

As to the secondpart, therearevariouspossibleextensions Unrolling the possibilitiesfrom the end first of all it
wouldbeinterestingo expressarealll parametricallyandusesostooL sfor thestability analysis Also, we could
experimentwith differentswitchinglines,in particularwith non-parallebnes.Iln anotheistepthecontrollercould
be optimizedin orderto minimize the amountof ditheringin the system.Finally, a moresophisticateanodelof
the carbondioxide removal systemcould incorporatethe transitionof carbondioxide betweenrthe solid andthe
gaseougpartsof thebed.
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Chapter 4

Modelling Polymer-Purification by
Counter-Curr ent Exchange

Participants: David Misemer(Mentor),ZhenluCui, HuaLi, SeungLee,QianWang,FabienYoubissi.

PROBLEM STATEMENT: Adhesivesare commonlyusedfor medicaland electricalpurposessuchastrans-
thermalskin patchesandblack electricaltapeselectricianscarry with them. It is necessaryhatadhesie should
have the leastimpuritiesbecausempuritieswould causeside-efect of patchesor malfunctionof electricalde-
vices. Thatis, the materialfor adhesies,polymermelt, shouldbe highly purified. The engineersat 3M usethe
countercurrentexchangeprocesgo remove theresidualmonomergo obtainhighly purified polymermelt.

While the co-currentexchangeprocesss limited dueto equilibrium partition, the countercurrentexchange
procesgdoesnot go to the statethat the exchangestops. The exchangeof O, andCO, atthe gills of fish is an
exampleof the countercurrentexchangeprocess.
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Figure4.1: SchematidPictureof 2 ZoneModel.

In this paper we study the purification processusing the countercurrentexchange build two modelsthat fit
experimentaldata,andexplain the physicsof the countercurrentexchangeprocesslin the end,we comparetwo
models.

4.1 2 ZoneModel

Here we assumethat thereare only two flows in the columnwherethe exchangeof residualmonomerin the
polymersolventtakesplace. Oneis the flow of the polymermelt which goesdown undergravity force andthe
otheris theflow of thesolventwhichis pushedup. We alsoassumehattwo flows areconcentricandthatresidual
monomerdn the flows areuniformly distributedat eachlevel. Figure4.1is the schematigicture of the 2 zone
model.

4.1.1 The Equation Set-up

In orderto derive relationshipsbetweenthe concentration®f residualmonomersn the polymermelt andthe
solvent, we definefunctionsand symbolsasfollows: Let L. be the lengthof the cylindrical columnwherethe
polymer melt and the solvent exchangemonomers. Let r be the radius of the column of the polymer melt.
Let R be the radiusof the cylindrical column. Let C,(t,h) and C(t, h) be the concentrationf residual
monomersn the polymermelt andthe solventat time ¢ andat heighth, respectrely. Herewe setthe bottomof
thecolumnh = 0. Then,at theinterfaceof the polymermelt andthe solvent, we have the monomemmassflux
Jjmass= k(C, — pCs), wherep is a partition constanandk is anexchangeefficiency constantLet v, andv; be
thevelocity of the polymermelt andthe solvent,respectiely. Relatingto the velocity, we alsohave flow ratesof
the polymermelt andthe solvent,denotedby f, and f;, respectrely. We assumehatthey areconstantj.e., the
polymermeltandthesolventareputinto the maincolumnwith fixedrates.Let A, and A, bethecross-sectional
areaof the columnsof the polymermeltandthe solvent,respectiely. Thenwe have

Ap =, Ay =m(R? — ).
Fromtimet totimet + At, theamount

vy - At Cp(t,h) - Ay = v, - At - Cp(t, h) - mr?
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of themassof the polymermeltcomesn at heighth andthe amount
vp - At Cp(t,h — Ah) - Ay = v, - At - Cp(t,h — Ah) - mr?

of the massof the polymermelt comesout at heighth — Ah. And in time At, the polymermelt losesto the
solventthe amountof residualmonomerghatis

Jmass - Ot - (Areaof Exchange)= k(Cp(t, h) — p Cs(t, b)) - At - 27r - Ah.
Dueto the conserationlaw of masswe have thefollowing:

AM, = My(t+ At) — M,y(t)
= vy At-Cu(t,h) - Ay — vy - At - Cp(t,h — Ah) - Ay — Jmass - Ot - (Areaof interface)

= vy At-Cp(t,h) - 7r® — v, - At-Cp(t,h — AR) - 7r® — k(Cp — pCs) - At - 27r - Ah.
Dividing theabove by A, - At - Ah, we have

Cp(t+ At,h) = Cp(t,h)  Cu(t,h) — Cp(t,h — Ah) 2k
At =, AL . (Cp(t,h) — pCs(t, h)).

Letting At and Ah tendto zero,we have

oC aC 2%
2 R) = vy L (6 h) = (Gt h) = pCalt ),
or 10C acC ok
it J = 24, ) — (O (¢, h) — pC(t, h)).

Vp Ot(’h)_ﬁ fp

Now we turn our attentionto C;. Like the caseof C),, we usethe conserationlaw of mass.Fromtime ¢ to
timet + At, theamount

vs - At-Cy(t,h — AR) - Ay = vg - At - Cy(t,h — Ah) - m(R* — 1?)
of themassof thesolventcomesin atheighth andtheamount
ve - At-Cy(t,h) - Ay = vg - At - Cy(t, h) - T(R* — %)

of the massof the solvent comesout at heighth — Ah. And in At, the solvent gainsthe amountof residual
monomershatis

Jmass - Ot - (Areaof Exchangel: k(Cp(t, h) — pCs(t, b)) - At - 2mr - Ah.
Thus

AM, = Mt + At)— My(t)
= vs-At-Cs(t,h — Ah) - Ag —vs - At - Cs(t, h) - Ag + Jmass - Ot - (Areaof Exchange)
= vs-At-Cy(t,h — Ah) -w(R? —1r?) —vg - At - Cy(t, h) - m(R? —1?)

+k(Cp(t,h) — pCs(t, b)) - At - 2mr - Ah.
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Dividing theaboveby A, - At - Ah, we have

Co(t+ At h) — Cy(t,h)  Cs(t,h — Ah) — Cy(t, h) n 2kr
At " Ah RZ—¢

(Cy(t,h) = pCi(t, ).

Letting At and Ah tendto zero,we have

aCs ., 4\ 9C; 2rk
o (1 h) = —vs =22 (6 ) + 2o (Gt h) = p Cs (8, 1),
> 1 9C oC 2nrk
S _ s _ wr _
~on o Bk = (k) = == (Gylt h) = pCu(t b))

Thereforewe have a systemof partial differentialequations

1 9C, _ aC, 2nrk
gﬁ(t,h) = 5, (&0 T (Cp(t, h) — pCy(t, b))
1 9C; 0G0 2nrk
Tt = Gt - (Gt ) Gt )

with boundaryconditionsCy, (¢, L) = ow andC;(t, 0) = 0 for all t > 0, where« is given.

4.1.2 Steady-StatePhenomena

The steady-statef the systemmeanghatthe concentrationslo not dependon time ¢; i.e., the systemhasgone
throughacertainamounif timeto havethetime-independertoncentrationsf residuamonomersn thepolymer
meltandthe solvent.

Quantitati ve Analysis

Herewe denotethesteady-stateoncentrationsf residuaimonomersn the polymermeltandthesolventby C,,
andC ., respectiely. Sowe have the following systemof first-orderordinarydifferentialequations:

00 2nrk /
0 = B0 (t,h) f—p(Cp’oo(t’ h) — pCs o (t, b))
(4.1)
0C5 oo 2rrk
0 = a7 (t,h) — T(Cpm(t, h) — pCs oo (t, b))
or 1
dCp,co 2
dh (h) fo Ip Cp,m(h)
= 2nrk ,
dCs,oo i _£ CS,OO(h)
an T

with boundaryconditionsC), o (L) = @ andCj o (0) = 0. Let A bethematrix

1 »
oo
L »
fs s
2k 2k ] .
If welety=—,n= % andMy = B &, thentheeigervaluesof A are( andu — np.
TUp (B2 —71%)vs n fs
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Casel. Assumethatthe seconckigervalueis not zeroanddenoteit by A. Thenthe solutionof the systemof
theordinarydifferentialequationss

e — M P
Cp,oo(h) = QW
N 4.2)
2nrk e —1
Cs(h) = «
S,OO( ) fs WlfpeAL o 1

for 0 < h < L. It is easyto seethatthe effectivenesof the processanbe characterizedby theratio £ of the
initial concentratiorandtheexit concentratiorof thepolymermelt;i.e.,

19
Cp,o0(0) _ _Myp

E =
Cp,oo(L) eMo—1

T < a.
Affp

Case2. Weassume\ = 0; i.e., x = np. Thenit is easyto seethat A2 = 0. Thesolutionof (4.1)is

fp + 2nrkh
C, h =
P,oc( ) afp + 2nrkL
Ip
Cs,00(h) N omrkL
for0 < h < L. Sowe have ¢
_ Jp
CrooO) = ot

Qualitati ve Analysis

Fromthesolutionsabove, we noticethatin eithercasethe exchangeprocessemovestheresiduaimonomergrom
thepolymermelt. Fromthe experimentaldata,we canfind the materialconstant: thatis the exchangeefficiency
constanin theordinarydifferentialequationsHereis onesetof theexperimentablata.For this setof parameters,
we have anon-zeroeigervalue. The columnhasheight16 feetanddiameterl.5inch. The polymermelt comes
into the columnthrough140 holesof radius3 mil. The massratio of the solventto the polymermeltis 3.95:1
andthe flow rate of the solventis 104 gramper minute. The effective removal ratio £/ definedby g::j((g)) is
0.0034. Pluggingall datain (4.2),we have k = 1.8607 by computation.Sowe usethe exponentiallyincreasing
concentrationsvhich aregivenin (4.2).

In Figure4.2, asthe polymer melt flows down the column, the concentratiorof residualmonomersn the
polymerdecrease€Onthe otherhand,thatof themonomersn the solventincreasessthe solventis pushedup.

E givesusanideaabouthow long the columnshouldbe. Taking £ = 1.8607 andusingthe solutiongivenin
(4.2),we getFigure4.3.

4.2 3ZoneModel

As we all experiencewhenwe have a shaver, water sprayfrom the shover-headcarriesnearbyair with itself.
Likewise, in the column,the polymergoesdown with the solventnearby Thus,unlike the previous systemwe
have threelayersof the polymermeltandthesolvent. Two layersaretheonesof thepolymermeltandthesolvent,
andin themiddle of the two thereis alayerof the solventthatgoesdown with the polymermelt. SeeFigure4.4.

4.2.1 The Equation Set-up

We startwith definingfunctionsandconstantgo describehe system.We inherit functionsandconstantsisedin
the previous sectionfor the polymermelt. Sincewe have two layersof the solvent,we needto have two setsof
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Figure4.4: SchematidPictureof 3 ZoneModel.

functionsandconstantaisedfor the solvent. We denotefunctionsandconstantgor theinnerlayer of the solvent
by symbolsusedin the previous sectionwith subscriptl andfor the outerlayer by thosewith subscript2. For
example,the concentratiorof the inner solventis denotedby C; ; while that of the outersolventis denotedby
Cs. 2.

Justlikethesimplesystemfrom the polymermelt, theimpurity or theresiduaimonomemovesinto theinner
layerof thesolvent. Fromtime ¢ to time ¢ + At, theamount

vp - Ot Cp(t,h) - Ay = vy - At - Cp(t, h) - wr?
of themassof the polymermeltcomesn at heighth andthe amount
vy - At Cp(t,h — Ah) - Ay = v, - At - Cp(t,h — Ah) - r?

of the massof the polymermelt comesout at heighth — Ah. And in time At, the polymermelt losesto the
solventsomeamountof residualmonomerghatis

Jmass - Ot - (Areaof Exchange)= k1 (Cp(t, h) —pCs1(t, b)) - At - 277 - Ah,

wherek; is the exchangeefficiency constanbf the polymermeltandthe solvent. Dueto the conserationlaw of
masswe have thefollowing:

AM, = M,(t+ At)— M,y(t)
= vy At-Cu(t,h)-Ap —vp- At-Cp(t,h — Ah) - A,
—Jmass « Ot - (Areaof Exchange)
= vy At-Cyt,h) - 7r® — v, - At~ Cp(t,h — AR) - 72

—k1(Cp —pCs1) - At - 277 - Ah.
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Dividing AM,, by A, - Ah - At andletting At andAh tendto zero,we have

ac, ., 2%
ot (t7 h) = Up oh (tv h) r (Cp(tv h) pCS,l(tv h)) ’

of 1 0C, aC 2nrk
=SP4, h) = T2 (1 h) — T (Gt h) — pCaa(t, b)),

v, ot ( :h) - W(ta h) fp

The inner layer of the solvent exchangeghe residualmonomerwith the polymermelt andthe outerlayer.
Fromtimet to timet + At, theamount

Us,1 ° At - Csyl(t, h — Ah) . A371 = Us,1° At - Csyl(t, h— Ah) . W(T% — 7“2)
of themassof thesolventcomesin atheighth andtheamount
Us,1 ° At - Csyl(t, h) . A371 = Us,1° At - Csyl(t, h) . W(T% — T2)

of themassof the solventcomesoutat heighth — Ah. Andin At, theinnersolventlayergainsfrom the polymer
melttheamountof residualmonomerghatis

Jmass « At - (Areaof Exchange)= k1 (Cp(t, h) —pCs1(t, h)) - At - 27r - Ah
andlosesto theouterlayertheamount

Jmass « Ot - (Areaof Exchange)= k2 (Cs,1(t, h) — Cs2(t, b)) - At - 2771 - Ah.
Thus

AMg1 = M,q(t+ At)— M, (t)
= —v51-At-Csr1(t,h—AR)- A1 +vs1 - At-Cs1(t, h) - Asa
FJmass « Ot - (Areaof Exchange)- j,.ass - At - (Areaof Exchange)
= —vg-At-Cg(t,h — AB) (13 —1?) + v - At - Cg(t, h) - 7(r] —r?)
+k1(Cp(t,h) —pCs1(t, b)) - At-27mr - Ah

7]{'2(05’1@, h) - 05,2(15, h)) . At . 27TT1 . Ah

Dividing AM; 1 by A 1 - Ah - At andletting At andAh tendto zero,we have

805’1 o 805,1 2k1T 2T1k2
ot (t’ h) = Us,1 oh (tv h) + ’I“% ) (Cp(tv h) pcs,l(tv h)) ,r% 2 (Csyl(t7 h) Cs,Q(tv h)) ’
or 1 aC oC 2mrk 27r1k
s,1 s,1 TR Trikg
1 sl th) — pCsq(t,h)) — 2520 (4,h) — CyaltL, h)).
Tt = TR+ SR C () pCan )~ TR (Ca(h) — Caalt )

Lastly, we look into theouterlayer. Fromtime ¢ to time ¢ + At, theamount
Us,2 * At - 05’2(15, h — Ah) - AS72 = VUs,2 " At - Csyg(t, h — Ah) . ﬂ'(Rz — ’I“%)
of themassof the solventcomesout at heighth andtheamount

Vs,2 ° At - 0372(t, h) - As72 = V5,2 " At - 05,2(t7 h) ) 7T(R2 _ ’I"%)
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of the massof the solventcomesin at heighth — Ah. And in At, the outersolvent layer gainsan amountof
residualmonomerghatis

Jmass - At - (Areaof Exchange)= ka(Cs 1(t, h) — Cs2(t, b)) - At - 2771 - Ah.
Thus

AMgs = H4vgo-At-Coo(t,h— Ah)-m(R? —13) —vgo - At - Cya(t,h) - w(R? —r?)

+k2(0371(t, h) - Csyg(t,h)) WAV 271”7"1 - Ah

Dividing AM; 2 by A 2 - AR - At andletting At andAh tendto zero,we have

00572 OC 2T1k2
at (ta h) = 7’”5,2 ah, (f } ) R2 — ’f‘% (Cs,l(t, h) — CS,Q(t, h)) ,
or
1 80572 805 2 27'('7"1 ]{,‘2
T .o O (t,h) = —5;= (& h) = o (Csa(t, h) — Cualt,h)).

As in the 2 zonemodel,we have a boundaryconditionC, (¢, L) = « for all ¢ > 0. RegardingCs 1, we see
that, at the top of the column,someof the solventgoesout of the systemwhile the reststaysin the systemand
movesalongwith the polymermelt. Thuswe have

Cs1(t, L) = Cs2(t, L) forall ¢ > 0.

Lastly, sincemassof residualmonomersn theinnersolventlayermustbe equalto massof residualmonomersn
theoutersolventlayer,

(rf = r*)s,1Cs1(1,0) = (R? — 17)v5,2Cs2(1, 0).

Thereforewe have
vlp 886; (t, h) - %(t: h) — 27TJZ;,k1 (Cp(t, h) = pCsa(t, b)),
US11 ag; : (t, h) - agzl (t, 1) + 27}5? A
J2R2 (Lt h) — Canlt, ).
fsa
o Cos2 () = Tor2(nm) + 27}7;,12k2 (Can(t.h) = Cua(t, ).,

with the boundaryconditionsC,(t, L) = «, (r? — r*)vs1Cs1(t,0) = (R? — 72)v52C52(t,0), Cs1(¢t, L) =
Cs,2(t, L) forall ¢t > 0.

4.2.2 Steady-StatePhenomena

Quantitati ve Analysis

We denotethe steady-stateoncentrationsf residualmonomersn thepolymermelt, theinnerlayerandtheouter
layerby Cp, . Cs,1,00 andCs 2 o, respectiely. Sowe have to solve the following systemof first-orderordinary
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differentialequations:

_dCy 2mrk;
0 - dh (t/ h) fp (vaoo<t7 h) pCSyl,OO(t7 h)) )
dCs 1 00 2nrk
0 = 22200 py+ (O (t ) — pCaoo(t, h))
dh fs,l ’ /7
(4.3)
2mr1k
- 1 (Cs,l,oo(ta h) - Cs,Z,oo(ta h)) ’
fs,l
dCs 2 oo 2mrk
0 = “2200q by ZTUR 0 (8 h) — Chnme(t, b)),
dh fs,2
or
dCy o ) 2mrk, _ 2nrk1p 0
dh " fr fr Cp oo (t, h)
dcC, 4 2nrky  2mrkip 4+ 2mwriks 2mr1 ko
s,1,00 — _ — CS o) t,h
dh (t’ h) fs,l fs,l fs,l o ( )
d05,2,oo (t h) 0 2mr1ka _27TT1]€2 03727oo(t’ h)
dh ’ fs,2 fs,2
with the boundaryconditionsC o (L) = @, f5,1Cs,1,00(0) = f5.2C5,2,00(0), Cs1,00 (L) = Cs.2,00(L).
If welet
2mrky 2nrkyp
— 0
Ip o
A— B 2nrky  2mrkyp + 27riks B 2mr1 ko
B fs,l fs,l fs,l
0 271"[“1]472 727{'1“1]{,‘2
fs,2 fs,2
thenthe solutionof the above equationsgs of form
Cp,oc(h)
Csio(h) | = c1&1 + cabae™h 4 cagze?h,
Cs,2,oc(h)

where)\’s areeigervaluesof A, £’sareeigervectorsA, andc’s areconstantsatisfyingtheinitial conditions.

Qualitati ve Analysis

Thesolutionof (4.3)is toolong to write. And, sincethe experimentaldatadoesnot give usthe valuesof param-
etersintroducedfor the 3 zonemodel,it is hardto analyzeits behaiour. Herewe investigatethe 3 zonemodel
usingonesetof parameters.

We usethe samedatausedfor analyzingthe 2 zonemodel. Thecolumnhasheight16 feetandradiusl1.5inch.
The polymermelt comesinto the columnthrough140 holesof radius3 mil. The effective radiusof the region
undertheinfluenceof the polymermeltis assumedo be2/3 R. Themassatio of the solventto the polymermelt
is 3.95:1andtheflow rateof the solventis 104gramperminute.Let £ = 60/1758]1.

Figures4.5, 4.6 and 4.7 shav the changeof concentrationgor differentk; andk,. It is hardto tell which
choiceof k; andk, fits thedata.Figure4.8 shavs the behaiour of E’swith differentsetsof data.
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Figure4.5: k1 = 1.5 andk, = 0.8.
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Figured.7: k, = 7293.
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4.3 Conclusion

While the 2 zonemodelis simpleto analyzeandfits the dataquitewell, it is noteasyto analyzethe 3 zonemodel.
We speculatehatthe difficulty lies in the complexity of the solutionaswell asinsufiicient datafor the model.
Regardingthe data, it is hardto determinethe effective radiusof the region underthe influenceof the polymer
melt, andit might affect the analysissignificantly At this stage,it is inappropriateto judgethe validity of the
model.However, we infer thatthe 3 zonemodelis ingenioussinceit is moreappealingo our intuition.
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Chapter 5

Solar Car Racing Strategies

Participants: Fadil Santosa(Mentor), Hongbin Guo, Christian Ketelsen, llona Kletskin, Qingguo Li,
Alfonso Limon, Yuriy Mileyko.

PROBLEM STATEMENT: An optimal solar car racing strategy, one which will accountfor differentracing
rulesandtrack conditions mustbeformulated.

In today's world of diminishing naturalenegy resourcesadvancesin technologyand scientificinnovation
have fuelledresearcherdhterestin exploring the potentialof solarcars. In recentyears,theseresearcherbave
expandedheir sciencdabsto includethe racetrack. Around the world, teamsare constantlytrying to develop
new materials,aerodynamiaesigns.andelectricalsystemshatwill help themwin the varioussolar carraces
heldglobally [1]. Theseracesvary in their objectivesfrom maximizingdistanceover a prescribedime periodto
maximizingaveragespeed®ver the courseof a multi-dayrace.Theracecarsbegin with afully chagedbattery
and mustrely on additionalenegy absorbedhroughthe solar panelsduring the race. While the designand
constructiorprocesss important,aracingteamcannothopefor successvithoutawell developedracingstrateyy
thattakesinto consideratiorsuchthingsasweatherandtopography

Racingteamsmustadhereto several constraintdancluding total combinedweight of vehicleanddriver and
maximum battery capacity Apart from theseinitial specificationsthe problemthenbecomesan exercisein
optimalcontrolin orderto determinghe optimal speedhatshouldbe usedatary giventime to maximizeoverall
performanceln previousraces stratgieshave includedmaintaininga constanspeedhroughoutthe raceunder
clearskiesandflat terrain,but eitherincreasingor decreasingpeedundercloud cover. Thequestionarisesthen,
asto whetheror not thesestratgjiesareactuallythe mostdesirablewould it perhapsbe preferableto drive ata
considerablyfasterspeed andthenstopto rechagethe batteries?Undercloudy conditions,is it betterto try to
“outrun” the cloud asquickly aspossible,or to drive slowly, sinceavailable solarpower is reducedwithin this
region?In this paperwewill exploretheanswergo thesequestiongegardingvariousracingscenarios.
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5.1 Intr oduction

The paperhasbeenorganizednto six sectionsaandtwo appendicesThefive sectionghatfollowing consistof a
solarcarmodel,racingstratgyiesdictatedby optimal controltheory numericalresultsfor bothcloudyandsunry
days, conclusionsandfuture work. The appendicesontaintheoremsimportantto this paperand a seriesof
Matlab m-filesusedto computethe numericalresults.

5.2 Model

As in all typesof racing,the main objective in the majority of solarcarracesis to attainthe maximumaverage
speedthroughout. For solar cars,the ability to achiere this goalis directly relatedto the amountof enegy in
the systemat ary giventime. Solarcarsbegin a racewith aninitial amountof enegy storedin their batteries,
anamountprescribedoy the rulesof the particularrace. Carsmustthenrun the courseof theraceand,without
exceedingbatterycapacity obtainall additionalenegy from the sunthroughtheir photovoltaic panels. Assuming
asingledayracebeginningshortly after sunrise all additionalsolarpower generatiorincludingrechaging must
take placeduringracetime.

In theformulationof the model,severaladditionalsimplifying assumptionsremade.First, becauseregen-
eratve braking system(onethat allows brakingto produceenenpy) is not a standardeatureof solarcars,it is
assumedhatthe caris not equippedwith sucha system.Furthermorejt is assumedhatthe amountof enegy
requiredto acceleratéhe solarcaris smallcomparedo theamountof enegy dissipatedhroughoutheraceday.
Thus,theforce necessaryo acceleratehe vehicleis ignored,andthe actingforcesthat hinderthe vehicle’s mo-
tion aretheaerodynamidragandtherolling friction associateavith thetires. Usingtherelationthatpoweris the
productof force andspeedandsincepower is beingconsumeadnly to overcomeresistve forces,the following
power balances obtained:

P, + Ps —v(e, + c,,,vQ) =0

The aerodynamiaragscalesasthe squareof the speedwith a coeficient, ¢, thatis dependentiponsuch
guantitiesasthe frontal areaof the carandthe densityof air. Theforce of rolling friction ¢, is a function of the
speedf thevehicleandits massfor purpose®f simplification,this forceis assumedo be constantThevalues
of the coeficientsare: ¢, = 36.7875, ¢, = 0.05795 [2]. Thesolarpower function P, depend®n suchthingsas
latitudeon the surfaceof the earth,day of theyear, andtime of theday. However, for ary givenrace latitudeand
day of theyearwill notchangegreatly;thus P; is takenonly asa functionof thetime of theday. An exampleof
apower profile for Januarylstalongthe equatorcanbe seenin Figure5.1.

Thispowerprofile shallbeusedfor all futurecalculationsWhile theefficiengy of thesolarpanelds accounted
for in the function P;, the transformationof enegy from the batteryto the drive systemis assumedo be one
hundredpercentefficient. Becausehe power availablefrom the battery P, canbe written asthe negative time
derivative of the enegy in the battery the power balancecanbe rewritten asthe first equationin the following
first ordersystem.Thesecondyoverningequationdefineshe speed.

E=pr,— v(er + cqv?)

=

(5.1)

Theracingstratayy is further restrictedby the conditionsthattheinitial enegy shouldbe equalto the maxi-
mum enegy thatcanbe storedin the batteryor the maximumenegy allowedby thetermsof therace.Lik ewise,
in orderto ensurehatthe mostefficient useof enegy is implementedthe enegy in the systemat the endof the
raceshouldbezero.Finally, it is clearthattheenegy availablefrom the batterymustbenon-neyative atall times.
Otherconditionsof the systemcanbe defineddependingn the natureof theracingobjectie.

5.3 Strategies

Theracingstratgy canbeinfluencedoy mary factors suchasweatherconditions racingterrain,type of raceand
numberof racingdays. We considertwo typesof races:fixed distanceandfixedtime. For thefirst type of race,
we aretrying to minimizethetotal time, andfor the secondype,we maximizethedistance.
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Power Profile for No Clouds
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Figure5.1: Power Profile.

In this papernwe assumehatwe have flat terrainanda singledayrace.We alsoassumehe possibility of only
two weatherconditions:a perfectlysunry dayor adaywith onecloudlocatedataknown position.
5.3.1 Minimizing the Total Time (nocloud9

In this sectionwe considerthe problemof minimizing the total time of the racegiven its length. Using the
governingequationg5.1),we arrive at thefollowing problem:

E = P,—v(c, +cqv?), (5.2)
T = w, (5.3)
with conditions
E(ty) = Eo,
x to) = O,
E(T) = 0,
x(T) = X,

whereT denoteghe endtime which we shouldminimize,and X denotedhe lengthof therace. Noticethatthe
enegy mustbe zeroattheendof therace;if it is greatetthanzero,we couldhave racedfaster

In the above problem,we have two state-ariablest’ andx, andonecontrolvariablev. The optimal control
can be found using the Pontryaginmaximum principle [3], [4]. In orderto useit, we shouldfirst setup the
Hamiltonian.Equationg5.2), (5.3)imply that

H(v,t) = 14+ M (Ps(t) — v(ey + cav?)) + Aov
Applying theorem(1) in AppendixA, we getthefollowing:
M =0, A=0
and
ToH

H(*(T),T)=0, Hw*(t),t) = — ) W(U*(T),T)dT (5.4)
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wherev*(t) denoteghe optimalspeed Thefirst two equationsmply A\; and), areconstantsthus%—if = )\1%.

So,theintegralin the equation(5.4) canbe calculated
H(v™(t),t) = =\ (Ps(T) — Ps(t))
Thisimpliesthat
MP(T) = Mo(e, + cqv?) — 1 = Mg

Note that the left handside doesnot dependon ¢, so the right handside shouldalso be independentf .
Therefore the speedv shouldbe a constant.Having a constantoptimal speedwe canintegrateequation(5.2)
directly andfind that

t
E(t) = / Ps(r)dr — v(er + caz)Z)t + Ejq
to

A constansspeedalsoimpliesthataz = tv, andapplyingthe endcondition E(7') = 0, we getthe following
nonlinearequationfor v.

L X

/ ’ Py(r)dr — X (cr + cav2) +Ey=0
to

Solvingthis equationgivesusthe optimalspeedv* for the minimumtime problem.

5.3.2 Maximum DistanceProblem (No Clouds)

Now we changeour objective from minimumtime to maximumdistance.The endtime 7' in this casein known
andfixed. The problemitself lookssimilar to the previousone:

E = P,—v(c, +cqv?), (5.5)
i = w, (5.6)
with conditions
E(ty) = Ep,
i to) = 0,
E(T) = o0,
x(T) — free,

Again, we usethe Pontryaginmaximumprincipleto find the optimal speed3], [4]. The Hamiltonianin this
caseis:
H(v,t) = —v + M\ (Ps(t) — v(er + cav?)) + Aov

We applytheorem(2) in AppendixA to obtain

Moo= 0,
N = 0,
M(T) = 0,
A(T) = 0.

Thisimpliesthat\; and\, arezero.So,the Hamiltonianbecomes
H(v,t) = —v (5.7)

Theorem(2) alsostatesthatthe optimal speedv*(¢) shouldminimize the Hamiltonian. Thereforeequation
(5.7) implies that v* shouldbe the largestconstantin the admissibleset. As in the previous section,we can
integratethe equation(5.5)for £ directly

t
E(t) = / Py(1)dT — v(cy + cqv)t + Ey
to
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Figure5.2: Cloudoverthetrack.

Applying theendcondition,we getthefollowing cubicequatiorfor v.

T
/ Py(r)dr — v(cr + cqv?)T + Ey = 0

to

This equationhasonly onerealroot, which givesusthe optimalspeed.

Equivalenceof the minimum time and the maximum distanceproblems

As you cansee,both problemsgive a constantspeedasthe optimal stratgly. This makesthesetwo problems
equialentin the following way. Given a distanceX, we cansolve the minimum time problemand find the
minimumtime 7,,,;,,. Then,solvingthe maximumdistanceproblemwith thefixedtime T' = T,,,;,,, we obtainthe
maximumdistanceX,,.., = X . This equivalencecanbeseenfrom thefollowing simplerelation: = = vt.

5.3.3 Racewith a SingleCloud

The minimum time problemwe solwe in this sectionconsidersa single cloud startingat z = z; andendingat

x = x5 (Figureb.2). In this casedueto thecloud, the enegy from the sundecreasedn orderto find theoptimal

speedwe usedthe following idea. Assumethe caris beforeor afterthe cloudy period. Then,we have the same
enegy input asin the problemwithout the cloud. Fromthe previousanalysiswe know the optimal stratey is to

racewith a constantspeed.The samestratgly canalsobe implementedn the region underthe cloud, sincethe
poweris scaled.

Py(t) 0<t<ty,
P(t) = 0.25P5(t) t1 <t <to,
Py(t) ta <t <T,

wheret; andt, arethetimesthecarentersandleavesthe cloudyregion, respectiely.
Denotingthe speedin eachof the regionsby v, v2, v3, the dynamicsof the systemcan be written in the

following way:
E=pP, — v1(cr + cqv?)

i = v1, wherex € [0, 21]. (5-8)
E = 1P —vy(c, + cqvd) (5.9)
& = vy, Wherex € [z1, 2] ’
E=pr, — va(cr + cav3)
i = v3, wherez € [z2, X] (5.10)
Theboundaryconditionsare
E(0)=E,, E(T)=0 (5.11)

If we know the enegy in the batteryat timest; andt,, we can calculatethe total time 7' by solving one
minimumtime problemperregion. In this way, thetime 7" becomes functionof F; = E(¢1) andEs = E(t2).
Theobjectieis to find anoptimal strat@y suchthatthe total time 7" is minimized. Thus,the problemof finding
aminimumtime canbeformulatedasan optimizationproblemof this form:

min 7' s.t. 0< FEy < E1 < Ey. (5.12)
E,E2
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5.4 Numerical Results

We usethe approachdevelopedin the previous sectionto computethe optimal speedand enegy profiles for
variousracingconditions. To make resultscomparableaninitial enegy of 5k hr wasusedfor all numerical
computationsSinceit hasbeenshavn thattheminimumtime andthe maximumdistanceproblemsareequialent,
the calculationfocuson minimizing racingtime usinga fixeddistanceof 600km.

Theresultswerecalculatedandvisualizedusingthe softwarepackageMatlah Thefollowing Matlabsubrou-
tineswere usedduring the computationof the optimal speedprofile: fzero andfmincon. Informationon these
routinescan be found at http://www.mathworks.com/accesshelpdeskhelp /toolbox/optim /optim.shtml. The
routinesdevelopedfor this project,alsowrittenin Matlab,canbefoundin AppendixB.

Underclearsky conditionsit wasfoundthatthe optimalracingspeeds v* = 79.8km/hr. Thecorresponding
enegy dissipatiorprofile asafunctionof timeis shavn in Figure5.3. An interestingquestiorarisesasto how the
optimalracingspeedvariesasa function of theracelength;thesenumericalresultsareillustratedin Figure5.4.
As expectedthisis adecreasindunction,but oneshouldalsonotethatit is nonlinear

When consideringa racewith a singlefixed cloud, the solar power profile changegdueto the cloud andis
illustratedin Figure5.5. Thereare severalimportantfactsillustratedin the cloudy day optimal speedprofile;
Figure5.6. Note thatthe speedprofile in this caseis piecavise constantandthatthe speeds the highestunder
the cloud. This suggestthat one shouldalwaystry to “outrun” a cloud. The enegy profile is consistentwith
expectationsndis illustratedin Figure5.7.

Energy Dissipation For Race With No Clouds
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Figure5.3: Enegy dissipatiorfor sunry dayrace.

5.5 Conclusion

In this paper optimalracingstrat@ieshave beendevelopedfor solarcarracesof varioustypes. For idealracing
conditionsinvolving flat terrainandno cloud cover, it hasbeenshovn thatmaintaininga constanspeedhrough-
outtheraceis the optimalstratgyy for boththe maximumdistanceandthe minimumtime problems.In fact,these
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Figure5.5: Solarpower profile for cloudyday.

59



60

CHAPTERS. SOLAR CAR RACING STRATEGIES

Optimal Velocity for Clouds
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Figure5.6: Optimalspeedor cloudydayrace.
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Figure5.7: Enegy dissipationfor cloudydayrace.
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two racingobjectiveshave beenshownn to be equivalent. Sincepoorweatheris a constanttoncerrfor carsutiliz-
ing solarpower, optimal stratgiesmustalsobe devisedfor racessubjectto cloudy conditions.In the simplified
case:givena singlefixed cloud, the optimal speedprofile is piecavise constantwith the greatesspeedbeing
achievedwhile traversingthe portion of roadunderthe cloud. While the racingconditionsconsiderecheremay
besimplifiedversionsof theactualervironmentthe modelis a usefultool for determiningoptimalstrategjiesover
variousportionsof otherwisemorecomplicatedervironment.

5.6 FutureWork

In actualracesnumerougoad,terrain,andweatherconditionsimpactthe selectionof anoptimal stratgly. Some
of themostcritical concernsarethe possibility of multi-dayraces sporadiacloud cover, andnon-level landscape.
Sincemulti-dayracesaresimply a combinationof single-dayracesthe modelcanbe easilyextendedio account
for the possibility of racingover several days. Lik ewise, the generalizatiorto multiple fixed cloudsis straight-
forward, and extendingthe algorithmto considersporadiccloud cover would involve the implementationof a
stochastielement.One of the non-trivial extensiongnvolvestopographyof the racavay; while our assumption
of no-costaccelerations valid for the flat terrainconditions,the inclusionof an acceleratiortermin the power
balancebecomesiecessarfor non-level road.

Thusfar, theimplicationhasbeenthatall strategjic decisionsaremadeprior to racetime; however, in actuality
themostsuccessfutacingstratgieswill bethosewhich canbeadaptedn realtime to accounffor variousterrain
andweatherconditionsasthey appear The implementatiorof this dynamicalprogrammingapproachtogether
with extensionsaccountindgor varyingweatherandlandscapén theexistingmodel,shouldprovide amorerobust
optimalstrateyy.
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Appendix A: Theorems

Theorem1 The Minimum Principle: Time-dependent Problem (Fixed End Point)

Letw*(t) beanadmissiblecontol whichtransfes (xg, tg) to S = {@1} x (71, Tz). Letz* (¢) bethetrajectory
correspondingo u*(t), originating at (o, to), and meetingS for thefirsttimeatt; [that is, *(¢t1) = @1]. In
orderthatu*(t) beoptimal,it is necessaryhatthere exista functionp* (t) sud that:

1. p*(¢) correspondso u*(t) andx*(¢) sothatp* (t) andx*(t) are solutionsof the canonicalsystem

1) = S 0.0 0.
P = O (0,5 (1) w (0.1

satisfyingboundaryconditions
w*(to) = &g w*(tl) = T

2. Thefunction H[z*(t), p*(t), u, ] hasan absoluteminimumasa functionof u over Q) at u = w*(t) for ¢
in [to, t1]; thatis,
migH[w*(t),p*(t), u,t| = H[z*(t), p"(t),u"(t),1]
ue

or, equivalently
Hiz*(t),p*(t), u"(t),t] < H[x*(t),p"(t),u,t] foral u in Q

3. ThefunctionH[z*(t), p*(¢t), w*(t), t] satisfiegherelations

HE (0.0° 0 (0.0 =~ [ e (0.9 (v’ (7). e

H[a:*(tl),p*(tl),u*(tl),tl] =0

Theorem2 The Minimum Principle: Fixed-terminal-time Problem
Letu*(t) beanadmissiblecontrol which transfes (xo, ty) to:

a. ThetargetsetS = {x1} x {t1} or
b. ThetargetsetS = S; x {t1} or
c. ThetargetsetS = R,, x {t1}

Letx*(t) bethetrajectorycorrespondingo w*(t), originating at (o, tg), andmeetingS att;. In orderthat
u*(t) beoptimal,it is necessaryhatthere exista functionp*(t) sud that:

1. p*(¢) correspondso u*(t) andx*(¢) sothat p* (t) andx*(¢) are solutionsof the canonicalsystem

o

:L’*(t) = op [:I}* (t)ap* (t)s U'*(t)at]
P = 9 [ (0,9 (1) w (0.1

satisfyingboundaryconditions
(I) w*(to) = &9 :c*(tl) =T
(i) *(tg) =9 x*(t1) € S1

(III) (E*(to) = &g :c*(tl) free
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accomdingto thetarget set,S is of theform (a),(b), or (c).

2. Thefunction H[x*(t), p*(t), u, ] hasan absoluteminimumas a functionof v over Q) at u = w*(¢) for ¢
in [to, t1]; thatis,

min Hla™ (1), p* (1), u, 1] = H[z" (1), p(¢), w" (¢),1]

or, equivalently

Hiz*(t),p*(t), u"(t),t] < H[z"(t),p*(t),u,t] foral w in Q

3. Thevectorp*(ty) is:
(i) Transvesalto.S; atx*(t1)
(i) Zem vector;thatis, p*(t1) =0

accodingto theset,S is of theform (b) or (c).

Appendix B: Optimal SpeedAlgorithm

Thescriptsandfunctionscreatedo calculatethe optimal speedprofile have beenseparatedhto two sections:No
CloudsOver the Trackand One Cloud Over the Track. The first assumeshereareno clouds,so the amountof
enepy collectedby the solarpanelsis only affectedby the time of day The secondassumeshereis onecloud
overtheracecourse andits positionis known andfixed.

No Clouds Over the Track

In this section,the raceis assumedo be “ideal”. ldealis definedin the following way: thereareno cloudsto
diminish the enegy availableto the solar car’s collectorand the enegy requiredto accelerateghe solarcaris
negligible, implying a level racetrack. The subsectionsnclude the necessaryMatlab m-files to computeand
visualizethe optimal speedprofileswith theseassumptionsThe codesggmentsare organizedin the following
way:

ScriptsandFunctions

en plot.m — script: calculateptimalspeedandplotsresults.
set vars.m — script: setsglobalvariablesfor importantconstants.
eg fun.m — function: calculatenegy givenavelocity.
int_powverm — function: calculatesenegy collectedby thesolararray
array. poverm — function: calculategpower generatedby the solararray
enegy.m — function: calculatesnegy givenaracetime.

en_ plot.m

% Thisscript calculatesoptimalvelocityfor a racewith no hills, no clouds.
clear;clc;closall;

% initializing physicalparametes

set vars;

% find optimalv st. v=constantand E(T) =~ 0
V=fzero(@eq fun,20);

% total timerequiredto finishtheracein hours
T=X/VI3600;
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% results
%
% optimalvelocity

{"optimal velocity=", V*3.6, '’km/hr’ }

% enegy dissipationplot
dt=0.5;t=t0+dt:dt: T+tO;

y=enegy(t);

plot(t,y)

ylabel('Enegy (w hr)’)

xlabel('RaceTime (hrs)")

titte("Energy DissipationDuring the Race’)

set vars.m

% Thisfunctionsetsglobal variablesfor variousphysicalparametes
clear;clc;closall;

% settingglobalvariables
globalalpha;

globaltau;

globalCf;

globalCa;

globalX;

global EQ;

globalt0;

globalV;

% variablesusedfor solar power friction anddrag coeficient,andraceparametes
alpha=0.2; % exponentin array_ powerfunction
tau=0.4; % Parameterin array_ powerfunction

Cf=36.787; % Cf=m*g*Cr; m=250(kg),g=9.81(m/s2), Cr=0.005*3
Ca=0.0579; % Ca=0.5*rho*A*Cd; rho=1.22(kg/m"3), A=1(m"2), Cd=0.095

X=600e3; % lengthof onedayrace(m)
EO0=5e3; % initial enegyin battery(watt*hr)
t0=6; % startof race(hr)

eg fun.m

functiony=eq. fun(v)

% functiony=eq. fun(v)

%

% calculatesenegy givena velocity; routineis usedin conjuctionwith
% fzewo to find the optimalvelocitygiventhat y(T)=0 and v=const.
%

% Inputs:

% v - solar car velocity

%

% Outputs:

% y - amountof enegy createdand dissipatedvhile racing
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globalt0; % initial racetime

globalX;  %lengthofrace

globalEO; % initial enegyin battery
globalCf; % friction coeficientfor solar car
globalCa; % drag coeficientfor solar car

% unit change (secondgo hours)
unit=1/3600;

% enegy balance:
% y = enegy stored+ enegy collectedfromsun- enegy usedto race
y = EO + int_power(t0,X./v*unit+t0)- X.*(Cf+Ca.*v.” 2)*unit;

int_ power.m

functiony=int_ power(ti,t_f)

% functiony=int_ power(ti,t_f)

%

% calculatesenegy collectedby the solararray fromt_i tot_f
%

% Inputs:

%t_i - initial timeof dayin hours: range6 <t < 18
% t_f - final timeof dayin hours: range6 <t < 18
%

% Outputs:

% y - amountof enegy collectedfromt_i to t_f

%

% Note:

%t_i <t fandcanbevectos

% initializing array
y=zeros(1,length(tf));

% takinginto accountt_i andt_f canbevectos
for k=1:length(t f)
% calculatingtheintegral of thearray_power
y(K)=quadl(@arraypowert_i,t_f(k));
end;

array _ power.m

function[Pa_ h,Pa_ n]=array. power(t)

% function[Pa_ h,Pa_ n]=arr ay_ power(t)

%

% calculategpowergeneitedby the solar array at a specifictime of day
%

% Inputs:

%t - timeof dayin hours: range 6 < t < 18 {t canbea vector};

%

% Outputs:

% Pa_ h - powergenertedwhile car is racing {array is not perp.to sun}
% Pa_ n - powergenertedwhile car is recharging {array is normalto sun}

65



66 CHAPTERS. SOLAR CAR RACING STRATEGIES

globalalpha;
globaltau;

% definingphysicalconstants

phi=0; % zenithangle
n=1; % dayof theyear
T=12; % noon(hr)

Pse=1376; % solarflux outsideof earth (w/m”2)
Ea=0.16; % solar cell eficiency(%16)
A=8; % solararray area(m”2)

% calculatingthe powergenemtedby the solar collector
%
% thetaanglewith respecto noon(maxsolar power)
theta=pi/12*((t-T));

% solar declination(depend®n day of theyear)
dels=-0.4093*cos((2*pi/B5.24)*(n+10));

cos angle=sin(phi)*sin(dels)+cos(phigbs(dels)tos(theta);

% amountof atmospheridnterference

AM=1./(cos angle+0.50572*(9®8-accs(ca_angle)*180/pi). (-1.6364));

% solar flux collectedby array while recharging {array is normalto sun}
Ps n=(Pse*tau.{(AM.” alpha)/2));

% solarflux collectedby array while racing

Ps h=(Pse*tau.{(AM.” alpha)/2)).*cosangle;

% outoutpowerby array while recharging {array is normalto sun}
Pa_ n=Ps n*Ea*A;

% outoutpowerby array while racing

Pa_h=Ps h*Ea*A,;

energy.m

functiony=enepy(t)

% functiony=enegy(t)

%

% calculatesenegy givena racetime; routineis usedto confirmthatthe
% final enegy y(T) =~ 0 andthatfor t < T theenegyis neverzeo.
%

% Inputs:

%'t - racetimeinterval 6 < ti < 18for all i’'s(canbea vector)

%

% Outputs:

% y - amountof enegy in the batteryat sometimet

globalt0; % initial racetime

globalX;  %lengthofrace

globalEO; % initial enegyin battery
globalCf; % friction coeficientfor solar car
globalCa; % drag coeficientfor solar car
globalV; % optimalvelocity

% enegy balance:
%y = enegy stored+ enegy collectedfromsun- enegy usedto race
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y = EO+ int_ power(t0,t)- V.*(Cf+Ca.*V.” 2).*(t-t0);

One Cloud Over the Track

In this section theraceis assumedo be “ideal”, but the no cloud assumptioris dropped.ldealis definedin the
sameway asin the previous section. The enegy requiredto acceleratéhe solar car continuesto be assumed
negligible. Thesubsectionincludethe necessariatlabm-filesto computethe optimal speedorofiles. Thecode
segmentsareorganizedas:

ScriptsandFunctions

en plot2.m — script: calculateptimalspeedandplotsresults.
set vars2.m — script: setsglobalvariablesfor importantconstants.
eg fun2.m — function: calculatesnegy givenavelocity.
int_powverm — function: calculatesenegy collectedby thesolararray
array. powerm — function: calculateppower generatedby the solararray
enegy2.m — function: calculatesnegy givenaracetime.
get time.m — function: calculateghetime it takesto covera setdistance.
totaLt.m — function: calculatedotaltime neededo finishtherace.

en plot2.m

% script calculatesoptimalvelocityfor a racewith no hills, andonecloud.
clear;clc;closall;

% initializing physicalparametes

set vars2;

% find optimalv st. v=pieceviseconstantand E(0)>E(1)>E(2)>E(T)=0.
E=fmincon(@total t,[3000;2000],[-11;1 0],[0;E,[1,[],[0;0],[ ELEN);

% results
%
% optimalvelocity

v0=X0/t1/3600;

v1=(X1-X0)/t2/3600;

v2=(Xt-X1)/T/3600;

{"optimal velocities=", v0*3.6, ’km/hr’, v1*3.6,’km/hr’, v2*3.6, '’km/hr’ }
% speedprofile plot

dt=0.05;

figure(5.1);

plot([0;X0],[vO;Vv0],[X0;X1],[v1;v1],[X1;Xt],[v2;v2]);

% enegy dissipationplot
figure(2);

holdon

t=th:dt:t1+th;

V=v0;

EO=El,

t0=th;
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Coef=1,;
plot(t,enegy?2(t));

t=tl+th:dt:t2+t1+th;
V=vl,

EO=E(1);

t0=th+t1;
Coef=0.25;
plot(t,enegy?2(t));

t=t2+t1+th:dt: T+t2+t1+th;
V=v2;

EO=E(2);

tO=th+t1+t2;

Coef=1;

plot(t,enegy?2(t));

hold off;

set vars2.m
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% Thisscript setsglobal variablesfor variousphysicalparametes

clear;clc;closall;

globalalpha;
globaltau;
globalCf;
globalCa;
globalX;
global EO;
globalt0;
globalV;
globalEf;
globalEl;
global X0;
global X1;
global Xt;
globalth;
global Coef;
globaltl;
globalt2;
globalT;

% variablesusedfor solar power friction anddrag coeficient,andraceparameter
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alpha=0.2; % exponentn array_ powerfunction
tau=0.4; % Parameterin array_ powerfunction

Cf=36.7875; % Cf=m*g*Cr; m=250(kg),0=9.81(m/s2), Cr=0.005*3
Ca=0.05795; % Ca=0.5*rho*A*Cd; rho=1.22(kg/m3), A=1(m"2), Cd=0.095

X=600e3;Xt=X; % lengthof onedayrace(m)

X0=200e3; % beginning positionof the cloud
X1=250e3; % endpositionof cloud
EO0=5e3;EI=E0; % nitial enegyin battery(watt*hr)
t0=6;th=t0; % startof race(hr)

Coef=1; % start with no cloud (ie. 100%power)
eqg. fun2.m

functiony=eq. fun2(v)

% functiony=eq_ fun(v)

%

% calculatesenegy givena velocity; routineis usedin conjuctionwith
% fzewo to find the optimalvelocitygiventhat y(T)=0 and v=const.

%

% Inputs:

% v - solar car velocity

%

% Outputs:

% y - amountof enegy createdand dissipatedvhile racing
globaltO; % initial racetime

globalX; % lengthof race

global EOQ; % initial enegy in battery

globalCf; % friction coeficientfor solar car

globalCa; % drag coeficientfor solar car
globalEf; % amountof enegy in the battery
globalCoef; % powerfromthesundepend®n cloudcover

% unit change (secondgo hours)
unit = 1/3600;

% enegy balance:
%y = enegy stored+ enegy collectedfromsun- enegy usedto race
y = EO- Ef + Coef*int_ power(t0,X./v*unit+t0)- X.*(Cf+Ca.*v.” 2)*unit;

int_ power.m

functiony=int_ power(ti,t_f)

% functiony=int_ power(ti,t_f)

%

% calculatesenegy collectedby the solararray fromt_i tot_f
%

% Inputs:

%t_i - initial timeof dayin hours: range6 <t < 18

%t_f - final timeof dayin hours: range6 <t < 18

%
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% Outputs:

% y - amountof enegy collectedfromt_itot_f
%

% Note:

%t_i < t_fandcanbevectos

% initializing array
y=zeros(1,length(tf));

% takinginto accountt_i andt_f canbevectos
for k=1:length(t f)
% calculatingtheintegral of the array power
y(k)=quadl(@arraypowert_i,t_f(k));
end;

array _ power.m

function[Pa_ h,Pa_ n]=array. power(t)

% function[Pa_ h,Pa_ n]=arr ay_ power(t)

%

% calculategpowergenertedby the solar array at a specifictime of day
%

% Inputs:

%t - timeof dayin hours: range 6 < t < 18 {t canbea vector;

%

% Outputs:

% Pa_ h - powergenemtedwhile car is racing{arrayis not perp.to sun}
% Pa_ n - powergenemtedwhile car is recharging {array is normalto sun}

globalalpha;
globaltau;

% definingphysicalconstants

phi=0; % zenithangle
n=1; % dayoftheyear
T=12; % noon(hr)

Pse=1376; % solarflux outsideof earth (w/m”2)
Ea=0.16; % solar cell eficiency(%16)
A=8; % solararray area(m”2)

% calculatingthe powergenemtedby the solar collector
%
% thetaanglewith respecto noon(maxsolar power)
theta=pi/12*((t-T));

% solar declination(depend®n day of theyear)
dels=-0.4093*cos((2*pi/85.24)* (n+10));

cos angle=sin(phi)*sin(dels)+cos(phiyts(dels)tos(tteta);

% amountof atmospheridnterference

AM=1./(cos angle+0.50572*(9®8-accs(ccs_angle)*180/pi).(-1.6364));

% solar flux collectedby array while recharging {array is normalto sun}
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Ps n=(Pse*tau.{(AM.” alpha)/2));
% solarflux collectedby array while racing
Ps h=(Pse*tau.{(AM.” alpha)/2)).*cosangle;

% outoutpowerby array while recharging {array is normalto sun}
Pa_ n=Ps n*Ea*A;

% outoutpowerby array while racing

Pa_ h=Ps h*Ea*A,;

energy2.m

functiony=enepgy2(t)

% functiony=enegy(t)

%

% calculatesenegy givena racetime; routineis usedto confirmthatthe
% final enegy y(T)~0 andthatfor t < T theenegyis neverzeo.

%

% Inputs:

%'t - racetimeinterval 6 < ti < 18for all i's (canbea vector)

%

% Outputs:

% y - amountof enegy in the batteryat sometimet
globaltO; % initial racetime

globalX; % lengthof race

global EOQ; % initial enegy in battery
globalCf; % friction coeficientfor solar car
globalCa; % drag coeficientfor solar car
globalV; % optimalvelocity

globalCoef; % powerfromthesundependsloudcaover

% enegy balance:
%y = enegy stored+ enegy collectedfromsun- enegy usedto race
y = E0+ Coef*int_ power(t0,t)- V.*(Cf+Ca.*V." 2).*(t-t0);

get time.m

functiony=get time(x,t,E)
% functiony=get. time(x,t,E)
%

% Inputs:

% x - distance

%'t - time

% E - enegy

%

% Outputs:

%y - total time

globalV;
globalEf;
global EO;
globalX;
globalt0;
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EO=E(1); %initial enegy
Ef=E(2); % final enegy
t0=t; % time

X=X; % distance

% findsthe optimal speedakingan intial guessof 20m/s
V=fzero(@eq fun2,20);

% total timerequiredto finishtheracein hours
y=X/V/3600;

total _time.m

functiony=total t(E)

% functiony=total_ t(E)
%

% Input:

% E - enegy

%

% Output:

% total time

global X0;
global X1;
global Xt;
globalEl;
globalth;
global Coef;
globaltl;
globalt2;
globalT;

% calculateghetimerequiredto run first segment(no cloud)
tl=get time(X0,th,[EIE(1)]);

% calculateshetimerequiredto run secondsegment(cloud)
Coef=0.25;
t2=get time(X1-XO0,t1+th,E);

% calculateshetimerequiredto run third sgment(no cloud)
Coef=1;
T=get time(Xt-X1,t2+t1+th,[E(2)0]);

% total time
y=100*(t1+t2+T);
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Chapter 6

Converting Machine Tool Measurements
iInto a CAD Model

Participants: RobertPiché (Mentor), SametKadioglu,Lin Zhou, Ying Han, TzvetalinVassiley, ThalyaBurden,
XinghuaDeng.

PROBLEM STATEMENT : Foramachinegool remanuécturerthegeometriadataof old machinesareneededn
a CAD packageo rehuild themachine Measuringdata“by hand”is time consuminganderrorprone.Therefore,
ourtaskis to designanalgorithmto translateneasuremerdatafrom a portablearticulatedmeasuremergrminto
a solid modelwhich canbe understoodby a CAD package.The arm canprovide global locationsof pointsin
space Theorientationof thearmis alsoavailableto determinghe outwarddirectionof the measuredurface.
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6.1 Intr oduction

The problemwasintroducedby a machinetool remanuécturer They rebuild andmodify existing machinetools,
incorporatingnew technologyto meetcustomerrequirementst significantlylower costthannew machinesThe
first stepin the machineredesignis to measurethe old machineand enterits geometryinto a CAD package.
Doing this “by hand”is time consuminganderror prone. The clientwould like to developa methodto improve
this process.

Theideafrom the clientis to usean articulatedmeasuremerdrm to substitutethe needfor a humanin the
measuremeniThereforeanalgorithmis neededo translatehemeasuremerdatafrom thearminto a solid model
which canbeunderstoody the CAD package.

The machinepartswe aredealingwith arestaticandconsistof polygons,cylindersandcones.Thereforejn
orderto developanalgorithmto meetthe client's needswe posedthefollowing questions:

1. Whatis theminimum numberof pointsneededo definea plane?a cylinder?acone?
2. How areedgedefined?
3. Canadditionalpointsbe usedto improve accurag?

To simplify our problem,we have madethe following assumptionsFirst we assumehatthe CAD package
hasthe capabilityto add and subtractobjects. Thuswe canbegin by consideringcorvex objectsonly. In this
mannerary non-comvex objectcanbetreatedastheadditionor subtractiorof a seriesof corvex objects.Second,
from informationgatheredn the portablearticulatedmeasuremerdarm, we assumehatthe arm has5-6 levels
of freedom.Third, we supposehat,oncemeasurementaretaken, a tentative solid modelwill bedisplayedona
laptopconnectedo the measuremerdrm. Dueto this suppositionthe operatomwill be ableto interactwith the
program.

We begin by providing solutionsto the threequestionsaforementioned Oncethis is accomplishedye are
ableto constructanalgorithmto translatehemeasurementskeninto amathematicatlescriptiorthatcanthenbe
inputinto aCAD packageAfter we have definedthealgorithm,wewill describerariousfeaturesf thealgorithm
andwaysit canbeimproved. Finally, we will summarizeour projectandsuggespathsfor futuredevelopment.

6.2 Minimum Number of Points

We beggin by consideringhe simplestgeometricabbjectin questionl, the unboundedlane. By definingthree
distinctpoints (z1, y1, 21), (22, y2, 22) and(x3, ys, z3) on the plane,the planecanbe determinedorovided the
pointsdo notlie alonga straightline (figure 6.1). The equationof the planeis:

r—x1 Y-y ZzZ-z
To—x1 Yo2—Y1 22—2z1 |=0. (6.1)
T3 —T1 Y3—-Y1 23— 2

Figure6.1: 3-D planarsurface.

In addition,thearmhasorientation.Thus,the outward normalof the planecanbedeterminedUsingthis, we
candetermingn whatdirectionthe machindlies.
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For the unboundedight circular cylinder, threepoints,which lie alongthe side of the cylinder, arerequired
to definethe surface. For example,if we considera right cylinder along the z-coordinate by ignoring the z-
coordinatef the points,we canconstructa circle in the xy-planeandexpandit in the z direction(figure 6.2).
For this case sincethe circle is on the zy-plane,we have the equation(z — x¢)? + (y — yo)? = 72. Therefore
threepointsareenoughto determinethe threeparametershe center(zo, yo ) andradiusr.

Figure6.2: Unboundedight cylinder constructedy threepoints.

For theunboundedight circularcone,we have thefollowing equation:
(z—20)> + (y —w0)® = a’(z — 20)°. (6.2)

We noticethatthe equatiorhasfour parameters, 1o, zo anda. Thereforewe requireatleastfour distinctpoints
to definesuchanobiject.
For generalunboundedjuadraticsurfaceswe have thefollowing equationwith ten parameters

az?® +by? + c2? +dey + eyz + frz+ g+ hy+iz + j = 0. (6.3)

Thus,tendistinctpointsareneededo definethesesurfaces.

6.3 Defining Edges(Level SetMethod)

In orderto definethe solid object, we mustfirst find the edgesof the object. Most edgeson the machinetools
canbeidentifiedastheintersection®f two planeswhichis representetdy aline. For example,if we definetwo
planesby their implicit functionsas f1(x,y,z) = 0 and f2(x,y, z) = 0, respectiely, thenthe equationof the
edgeline canbe expresseds:
.fl (Ia Y, Z) =0
{fz(zv, y.z) =0. 64)
Oncethis is obtainedwe musteliminateall extraneousectionof the planes.Theintersectiorine separates

eachplaneinto two half-planes. One half-planecontainsthe measuremenpoints taken by the arm, the other
half-planedoesnot containmaterial(metal). The sectionwithout the mesuremenpointsis the sectionwe wish to
eliminate.To provide amathematicaprocedureof decidingwhich partof the planeis unwanted we borrov some
ideasfrom the“Level SetMethod” which s first introducedn [1] for interfacepropagationThe premisebehind
this procedurds illustratedby figure 6.3. Considemplanel. Whenwe plugin ary of the measuremerpointsof
planel into theimplicit function f»(z, y, z), we will obtaina number If the numberis positive, we will accept
thesignof f> aspositive; if thenumberis negative, we will mutiply f> by —1. By this corvention, f> will always
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be positive for the areaof planel wherethe solid objectremainsandnegative over the areawe wish to eliminate.
Thereforethepartof planel thatwe eliminatesatisfies:

fi(z,y,2) =0
{le(x,y,Z) <0. (6.5)

Similarly, f1(x,y, z) will changesignsasit crossesheintersectioralongplane2. Thistime thepartwe eliminate
is:
f2 (Ia Y, Z) =0
{f1(£l?,y,z) <0. (6.6)

Real solid object

Plane-1
fi(x,y,z)=0

Plane-2 L
f2(x,y,z)=0
f1>0

Unwanted part
of the planes

Intersection line

Figure6.3: Corvex solid objectconstructiorby the Level SetMethod.

Note that this methodwill work for corvex objectsonly. In general for the it surfacewhich is definedby
fi(z,y,z) = 0, wewill eliminateall sectionssuchthat f;(z,y, z) < 0 and f;(z,y, z) = 0. This procedurewill
give theedgeof thesolid object.

Finally, theintersection®f f;(z,y, z) > 0 will yield themathematicatlescriptionof the solid object.

6.4 UsingAdditional Points

Up to now, we have only usedthe minimumnumberof pointsneededo defineeachsurface.To improveaccurag,
we canincludeadditionaldatapoints.In generalwe applyleastsquareditting to do so. Herewe will discusghe
applicationof this methodto differentshapes.

For a planeperpendiculato oneof the axes,the equationof the planecanbe simply written asa function of
onevariable,suchasxz = a, y = b or z = ¢. In this case the datawe have gatheredn this planehasonly one
coordinatethatis meaningful. Thenthe constantn the planeexpressioncanbe obtainedby taking the meanof
thevaluesof thatvariable which is equivalentto the methodof linearleastsquardfitting.

For ary arbitraryplane,we may usetotal leastsquardfitting, which is nonlinear In this standardnethodwe
minimize the sumof the orthogonaldistancegrom the samplepointsto the plane. The distancefrom a sample
point (z;, y;, z; to the planeis expresseds:

_ Azr;+ By;+Cz; + D

d; (6.7)
VA2 + B+ (2
wheretheplaneequationis Az + By + Cz + D = 0. Thereforewe areactuallyminimizing ", d?.
Theiterative equationthatwe useto find theparameten = (A4, B, C, D) is:
utt = uf — I (uF)d(u”) (6.8)

whereJ(u) = %u(j“) is theJacobiarof d = (dy, dz, - -- ,d,) [2].
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Theiterative methodrequiresan approximatesolutionto be aninitial guess.This will be obtainedfrom ary
threepointson the plane.In this manney Newton’s methodwill corvergequickly to anexactsolution.

A methodsimliar to this canbe appliedto circlesin orderto improve theaccurag for cylindrical objects[2].
We definethedistanceghatwe wish to minimizefor thecircle asfollows:

dqj = HXO — X7|| - T (69)

wherexg is thecenterr is theradiusof thecircle,andx}s (i = 1,- - - ,n) arethemeasuregboints. Theiterative
methodwill be the sameasabove with the unknovn parameten = (xg, 7). Theinitial guessn this casewill
be obtainedby fitting the datato a circle usingthe minimizationof the algebraiadistancemethod[3], whichis a
non-iteratvefitting.

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

/

Solid Object

Figure6.4: Boundedreferencespace.

6.5 Algorithm

Usingtheinformationprovidedabove, we now candescribethe algorithmto constructa solid corvex object.We
begin by settinga maximumboundaryfor the object (figure 6.4). This boundarycan be the size of the room
wherethe machineis located. With this corvention, we eliminate the needto considerunboundedsurfaces.
We then promptthe operatorto usethe armto mark a point asorigin. This will be usedto createour global
coordinatesystem.Input alsoincludesthe type of surface(planar cylindrical, conical). Oncethis informationis
obtainedthearmwill measuret leastthe minimum numberof datapointsneededo definethe corresponding
surfaceaswell asthe surfaceorientation. Dependingon the surface,a subroutineis thencalledto determine
the equationof the surface. Oncea new surfaceis introduced,we identify all the intersectionghat may result
betweerthis new surfaceandthe existing surfaces.Thena subroutinds calledto definethe edgesandeliminate
theunwantedsectionsdy the“Level SetMethod” describedreviously. After eachadditionof asurface werepeat
this procedureuntil the operatorindicatesthatthe objectis complete Note thataftereachadditionof a surface,a
laptopconnectedo the measuremerdarmwill displaythe currentshapehathasbeenformed.In this manneythe
operatowill beableto detectany errorsmade,i.e. if the operatorskipsmeasuringa particularsurface,heor she
will notgetasolid object.

Onceall subobjectaredefined the CAD packagewill memgethemto form thegeometryof the machinetool
beingmodelled.Theflow chartof thealgorithmis shavn in figure 6.5.

6.6 Conclusions
To summarizewe have addressetlasicquestionsn orderto developanalgorithmwhichwill translateneasured

dataobtainedfrom the portablemeasuremerdgrminto a CAD model. Thealgorithmhasbeendescribedn detail.
Theideaof constructingacorvex solid objectis basednthe“Level SetMethod”. To utilize additionaldatapoints
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Input:
—Point of Origin
—Maximum size for the bounded reference space
—Type of surface
—Data points and surface orientation

Construction of Solid Model:
—Obtain measurement data
—Call subroutine to determine the equation of the surface
—Call subroutine to identify intersections and find edges
—Repeat the procedure for all surfaces of the object

Output:

—Mathematical description of an object.

CAD package construct the machine from the solid model by add
and subtraction

Figure6.5: Flow chartof thealgorithm.

andimprove accuray, the leastsquaretechniquesare used. Algorithmsfor theseleastsquarefitting procedures
arereadilyavailable.

6.7 Future Work

In orderto expandandimprove the solutionto this problem,we suggesseveral directions. First, the algorithm
shouldbeimplementedn thework environmentin orderto determindts efficiency andaccurag. Secondthere
areseveralwaysin which the algorithmitself could be improved. For example,it canbe extendedso that the
mathematicabescriptionof non-corvex objectsare defineddirectly. Also, the algorithm may be extendedto
includeothergeometricakurfaces suchassplines.In additionfitting thedataof generakylindersandconescan
be explored. We alsosuggesthatthe clientinvestigateothertechnologicabdwances.
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